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FOREWOro 

Since October 1950, The Franklin Institute,, Laboratories for 

Research and Development, has made a study of power sources, initiators 

and other components for electric fuzes. Originally sponsored by the 

Office of the Chief of Ordnance, the work since December 1953 has been 

performed for Picatinny Arsenal, 0RD3B-TP1, The program consists of 

several phases: 

(a) A review and evaluation of current work on electric fuzes 

and their components. 

(b) Research and development on electric power sources and 

fuze components, 

(c) Development of instrumentation for the evaluation of 

electric initiators, and 

(d) Evaluation of electric initiators. 

Two series of reports are issued on this contract. The in- 

formation gathered in the Review (identified by the letters MR) receives 

wide distribution. Progress of experimental work performed at The 

Franklin Institute Laboratories is contained in the second series of 

reports identified by the letters MT. In addition to these periodic 

reports. Interim Reports summarize special studies such as this one. 

One of the principal objectives of our phase to evaluate 

electric initiators is to describe the performance of each initiator for 

the user's benefit. The statistical methods described in this report 

were developed as tools to be used in describing an initiator's per- 

formance. We hope the report will not only indicate the extent and na- 

ture of the problems involved, but adequately describe our present solu- 

tions.  Copies of the report may be obtained from '".he Armed Services 

Technical Information Agency or Picatinny Arsenal, Samuel Feltman 

Ammunition Laboratories. 
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ABSTRACT 

The analysis and the evaluation of test data on the functioning 
of initiators has been carried out at The Franklin Institute Laboratories 
by means of techniques that are based on statistical principles. We can 
never pick up an initiator and be able to assert that we know with cer- 
tainty it will function upon application of a given input, or that its 
functioning time is less than a given number of microseconds. However, 
we can, after analyzing sufficient data, say that 999 times out of 1000 
it will so function, or will have such a functioning time. Thus the 
method of accumulating test data and that of analyzing them both differ 
from our ordinary methods. 

In this report great pains have been taken to describe the oper- 
ation of 4he new technique as it is applied to experimental designs, 
analysis of the data, and application of the results to the writing of 
meaningful specifications and the adoption of reliable acceptance sampling 
plans, 

The initiator response of certain wire and carbon bridge deto- 
nators is described in terms of two characteristics which, by their joint 
action, make up a descriptive model of the initiator. The first one is 
functioning time. The manner of its variation with size and nature of 
input is first determined. Prom these data it is shown to be possible 
to evaluate functioning time graphically. Finally there is given the more 
precise analytical method of evaluation from the same data, 

A similar cechnique is applied to the attribute of sensitivity. 
This requires the use of a new experimental design, and the advantages and 
disadvantages of the probit, the Bruceton, and Bartlett's designs are 
discussed and illustrated. Analysis of sensitivity data is discussed from 
the view point of the probit analysis, Berkson^s logit analysis, the 
Bruceton analysis, a modified probit and logit analysis, and finally the 
analysis of Bartlettfs design, Beth graphical and analytical evaluation 
of the results are made. Finally, some of the possible applications that 
can be made of the information gathered from the analyses are stressed, 

A comparison of the results obtained with a large number of 
detonators brought to light two points of interest:  (l) manufacturer's 
lots of supposedly the same type of detonator differ enormously from lot 
to lot. No two lots are really alike. (2) These differences are often 
larger than the difference between different types of detonator. 

There appeared to be a probable correlation between functioning 
time and functioning probability which, if it proves to exist, will sim- 
plify the testing of detonators. 

4.. 
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1*  INTRODUCTION 

This report provides some nf the much needed stata. "ical 

background for the analysis of test data on both carbon and wire bridge 

initiators. Measurable parameters are developed that describe the re- 

sponse of the "average" initiator under various input conditions. The 

particular data presented in this report refer to various types of initi- 

tor and are used only to illustrate typical analyses. The methods de- 

scribed here are perfectly general, but require some adaptation for each 

initiatorso In addition, it has become evident that new tools are fre- 

quently needed and should be developed in connection with any test studies 

made under this program. 

The parameters obtained from the analyses lead to test levels 

suitable for specification purposes and acceptance sampling plans. This 

is important since quality control of so delicate a product as initiators 

can hardly be achieved without the use of statistics, 

2,  INITIATOR RESPONSE 

Both carbon and wire bridge initiators have been tested ex- 

tensively. The variables that influence their response are chiefly var- 

iations in the energy input trom various sources, as well as temperature- 

cycling and other forms of "conditioning," Fcr example, when initiators 

are fired from a condenser the voltage of the firing source and the 

capacitance can be varied. Or, when they are fired from a constant 

current device, the magnitude of the current and its duration can be 

varied. Again, when initiators are tired from a constant voltage device, 

the level of +ho voltage and the duration of the impulse can be varied. 

Finally, when they are fired from an actual installation, a combination 

of manv effects must be considered before the response of the initiators 

can be well understood. 

It is true that a so called, thousand -erg detonator may be 

■2- 
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expected to respond with a probability of 0.999 (99.9 per cent of tlK- 

time) if the energy source supplies 1000 ergs.  However, this evergy 

package is not always sufficient to produce detonatioiji, especially in a 

carbon bridge detonator* The firing capacitance must be of the right 

size and energy must be fed into the initiator at a rate which depends 

upon that size. Hence, high voltages are required for small capacitance, 

while large capacitances need only relatively small voltages. Variation^ 

in the firing voltage, therefore, affect the response of the initiator 

like variations in firing energy and capacitance combined« 

It is frequently required that each initiator in a given lot 

react within a specified minimum time, or that the reaction time from 

one to another in the same lot vary as little as possible. For example, 

the specified maximum functioning time for the T18E3 carbon bridge deton- 

ator is 10 microseconds. Other less sensitive initiators have a larger 

functioning time. Nevertheless, the functioning time is not an exactly 

reproducible variable because of small variations in the construction 

of the detonators. 

In summary, the functioning of initiators is now measured by 

an attri" :te and a variable, namely the quantal response if functioning 

ana the resultant functioning time. The over-all response depends upon 

the input conditions. For large inputs, the initiator will almost cer- 

tainly function with a short functioning time«, But for smaller inputs, 

not all initiators will function, and those that do, will show relativ 

longer functioning times. Some of the initiators will even fail to 

function. This phenomenon is of the type that statisticians refer to as 

a yes-no or quantal response. Of necessity, it enters into the picture 

that we wish to paint of the over-all response of initiators.  Therefore, 

we shall ultimately describe initiator response in terms of two charac- 

teristics:  (1) Functioning Time (a variable), (2) Sensitivity (an attri- 

bute ). 

The joint action of these characteristics makes up a descnpl i >-: 

-3- 
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model of the initiator.  For purposes of illustration only, we have 

chosen here various wire and. carbon bridge detonators. The interaction 

of the characteristics separates the response into regions of applica- 

bility and non-applicability. From these regions it can be inferred in 

which application the use of any particular detonator is advisable or 

not advisable. The model also permits us to locate suitable levels for 

specification testing, acceptance sampling plans, and production quality 

control. 

3.  FUNCTIONING TIME 

The functioning time of initiators, tested with the F1L1TS 

equipment, is measured with a complex instrumentation described elsewhere 

(Operation and Maintenance Manual, FILITS; Oct. 15, 1954)« A point of 

interest here is the sensitivity of the apparatus« The time measurements 

are made with a counter chronograph registering units of one-eighth micro- 

second. Therefore, readings of about one microsecond and over are fairly 

accurate, since they are far from the possible instrumental error of 

- 1/8 microsecond.  Readings much larger can be considered free of error 

for all practical purposes. The source of energy which causes the deton 

ator to function-or fail, as the case may be-is a charged capacitor.  1L 

is charged to a predetermined voltage from a constant voltage source and 

is discharged through a mercury switch relay. 

We must expect that the functioning time of initiators will 

vary both with energy or voltage imputs and with changes in the firing 

capacitance. To establish the magnitude of such variations, experiments 

can be made over the whole range of available voltage- LHU capacitances. 

The resulting data show, then, the dependence of the funccioning time, t, 

upon a source capacitance, C, applied voltage V, and energy parcel, W. 

An important factor in these tests is the fact that certain combinations 

of C, V, and W result in very low functioning probabilities. Therefore, 

the majority of tests is performed in a region where detonation is almost 

-4- 
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certain to occur. Tests in the fifty per cent probability firing region 

are available from stratified data obtained during sensitivity analyses 

(cf* Section 4)» These data yield information even at the lowest proba- 

bility levels. Tests outside of the mean functioning probability range 

are usually conducted only for inputs that assure a very high functioning 

probability. Such zests yield information under conditions where the 

functioning times are, in general, reproducible. The sum of all this 

information furnishes a descriptive picture of the variation in function- 

ing time of a detonator together with the uncertainty due to its proba- 

bility factors. 

3.1 Constant Input Conditions 

The first problem to be considered is the representation of 

functioning time data obtained under constant input conditions. As 

stated earlier, it is obvious that a test series performed with a certain 

detonator, even under constant test conditions, will result in a series 

of functioning times that are likely to differ from one another. There- 

fore, the description of such test results must be made in statistical 

language• 

Table (3-1) shows test data obtained for T24E1 (AAP-20-1) deton- 

ators fired at 15*85 volts from an 0.100 microfarad condenser. The func- 

tioning times vary between 22 and 50 microseconds. There are two forms 

of analyses to which we can subject these data. In one form the average 

functioning time, t, and its standard deviation (corrected for sample 

size) is computed directly from the observed data. In the other form 

the possible skewing of the data is taken into account and the work is 

carried out with the logarithms of the functioning times. The following 

equations can then be used: 

t ss observed functioning time, microseconds 

^ = log t (1) 

n - number of observations 

-5- 

CONFiDENTIAL 



CONFIDENTIAL 

THE FRANKLliN  INSTITUTE  .  Laboratories for Research and Development 

I-A1804-1 

t =     St / n 
= average functioning time from raw data 

3t = -x/(na
2 - (S)2  ) / (n (n-l) ) 

= standard deviation in original units from 

raw data 

(2) 

(3) 

T- 2  T/ n (4) 

- average logarithmic functioning time 

3^ = -^(nZt2 .  (Zf)2  ) / (n („_!)  ) (5) 

« standard deviation in logarithmic units from 

logarithms of functioning times 

The connection between these formulas is not an absolute one. 

However, for nicely behaved data, the following approximations hold: 

t ~ antilogr (6) 

s  ~  (antilog < ) (antilog s  -l) (?/) 
t T 

The data of Tableware somewhat skewed and these two relations 

are, therefore, only approximately true. The reason for applying logarith- 

mic transformations is that the distribution of the absolute functioning 

times is frequently skewed. The use of logarithms reduces the long tail 

for large functioning times and extends the part of '.ne distribution that 

lies to the left of the mode. This is a fairly well known technique 

usually applied when only empirical data are available. It would naturally 

-6- 
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Table 3-1.  FUNCTIONING TIMES FOR 28 DAY-TEMPERATURE CYCLED 

DETONATOR T24E1 (AAP 20-1) 

t,  microseconds X 

26.875 1.1*2935 

44.625 1.64958 

39.125 1.59246 

50.25 V 1.70114 

26.125 1.41706 

48.25 1.68350 

38.625 1,58686 

39.625 1.59796 

49.125 1.69130 

45.375 1.65682 

22.75 1.35698 

31.125 1.49311 

n sr 12 n -    12 

St = 461.875 2 x =    18.85612 

Et2 = 18800.57B125 Zt* =   29.78411 
t = 38.5 1 =     1.57134 

st 
— 9.6 sir .11858 

Antilog    ? =    37.3 

(Antilog f)(Antilog sr-l) =   11.7 

c =    0.1|if 

V =    15.85V 

Ref: Data Page 345 
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particular detonator, we were able to obtain a mean functioning time as 

low as 2.8 microseconds for a high voltage input from a large capacitance. 

Such a functioning time is considerably below that required by specifi- 

cations now set at 10 microseconds or less. On the other hand, a func- 

tioning time greater than permissible by specifications occurs for a low 

voltage from a medium or a large size capacitance, especially in the re- 

gion where the functioning of the detonator is not very probable. 

Second, the variability dispersion in the functioning time is 

also dependent upon the input* Table .3-3 shows that the standard devia- 

tion may be very small, which may indicate that the detonation, if set 

off with enough electrical "brute force" does not depend very heavily 

upon the mechanical and chemical variation in detonator construction. 

A detonation initiated near the fifty per cent firing probability level, 

on the other hand, shows great variability in functioning, namely, the 

standard deviation is both large and erratic. For example, for C = 0.01 

microfarads and V = 50.2 volts, we find s = 5»6 microseconds; while for 
t 

the same capacitance and V = 79»5 volts we have s. =0.5 microseconds. 
t 

Significance tests have established that many of these variations in the 

estimated standard deviation are "real" in a statistical sense. This may 

indicate that a detonator, when not set off by electrical "brute force", 

tends to respond much more to the variability in construction by exhibiting 

a greater variation in the functioning time. 

Finally, we may investigate the amount of energy required for 

detonation. Usually, the energy is computed from 

W = 5 C V2 (8) 

where W is measured in ergs, while C and V are measured in microfarads 

and volts, as before. Table 3-4 shows the values of W, for a detonation 

within the stated range of input •  For a constant capacitance and an 

increasing voltage, the energy fed into the detonator also increases. The 

table shows, therefore, the minimum energy required to obtain detonation, 
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The mean functioning time and the variability in functioning time may be 

considered dependent upon input stated in terms of voltage and capacitance, 

or in terms of energy. The T18E3 type detonator is seen to be responsive 

to an energy input as small as 40 ergs in one instance. But we note 

also that for a large capacitance and a small voltage a much higher en- 

ergy input is required to insure detonation. This fact causes us to 

question the advisability of the frequently used terminology ,?100-crg 

detonator" or "100ü~erg detonator". This terminology has little, if any 

validity, in the light of the fact that a statement of energy alone is in- 

sufficient to characterize the response of a detonator. 

3*3 Graphical Evaluation of Functioning Time Data 

Since functioning time is a characteristic property of all 

detonators, the user frequently needs to predict the functioning times 

of a particular detonator for some projected installation. If vre return 

to Table 3-2, we find that we can be certain that the T18E3 detonator will 

have a functioning time l^ss than 10 microseconds, if it is fired from a 

0.01 microfarad condenser with a voltage exceeding 60 volts. But- the 

question arises, whether we cannot state the functioning time more accur- 

ately by shaving it down a bit. To do so we must use a probability model 

incorporating unfamiliar and technical terms. We shall now try to de- 

velop such a model and show how its parameters can be found graphically. 

We shall first arrange the observed mean functioning times in 

a plot, such as that shown in Figure 3-1. This plot shows the observed 

mean functioning times in microseconds at those points, with coordinates 

(log C, log V), where they have been observed. The observed points are 

samples taken on the hypothetical model t = t(C,V) which represents a 

surface in three-dimensions. Because of the variation in the,construction 

of a detonator, sampling cannot possibly yield the true surface at most 

points. It is necessary to find an approximation to the true surface by 

means of smoothing. In the case of a detonator, the smoothing amounts 

to the search for a family of curves t = t(C,V) which come close to the 

-13- 
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functioning time tests. Figure 3-1 shows that the experimental pro- 

cedure will give good coverage of the functioning time area if we adopt 

a checker-board design which produces enough points, distributed fairly 

uniformly, so that the family of curves can be constructed» Such a pro- 

cedure increases the number of units to be tested. How many detonators 

should be tested for functioning time at each point? Since it is not 

necessary to obtain the functioning time with great accuracy samples of 

six at each point are sufficient» If the units are expensive the sample 

size may have to be reduced, as well as the number of test points covering 

the area in Figure 3-2» 

Finally, how accurately does the family of curves obtained from 

this graphical procedure describe a given detonator? This question 

cannot be answered definitively; however, there are available some statis- 

tical tools that give the required answers in terms of probability. The 

next section of this report will be devoted to such analytical studies 

and will report on functioning time evaluations made both graphically 

and analytically» 

3»4 Analytical Evaluation of Functioning Time Data 

After the functioning times for various combinations of firing 

capacitance, C, and firing voltage, V, have been determined, we may need 

a more refined model for the detonator under test than that described 

in connection with graphical smoothing procedures (Section 3»3)» The 

model will now take the form of a mathematical equation. Since nothing 

is known about the "true" model, an approximate equation must be chosen 

that may represent the data adequately. Therefore, experience gained 

with the graphical procedures will be very helpful. 

Returning to Figure 3-4, we find that the model does take the 

form t = t(V, C), but that it will be more convenient to deal with the 

logarithmic model instead: i' = -r ( log V, log C). The shape of the 

curves obtained thus far indicates clearly that this function will con- 

tain non-linear terms as well as interdependent terms between log V and 

-20- 
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log C,   Therefore, it may well be represented in the form of a complete 

Taylor expansion for two variables: 

log t - T » C^Q + a10 log V + a01 log C * a^ log^ + ^ log V log C * 

♦ a02 log2C + a30 log
3V * a^ log^J log C + a^ log V log2C 

+ a03 log
3C + ... (9) 

Such an expansion makes good sense in the region in which we study the 

functioning time phenomenon. There are no singularities in this region 

and the function can be expected to be a well-behaved one. It is now 

merelv a Question of obtaining the parameters a. . by an appropriate 

statistical procedure and of learning whether the introduction of additional 

parameters a. . yields a better fit to the empirical data. 

The procedure is as follows. We must find the function that 

fits the given data best. Let us try the first term only in Equation (9)» 

\ ■ iaoo f10-1* 

This function or model states that the functioning time is 

independent of voltage and capacitance and that all observed variations 

are merely due to chance. Evidently, we know better; but the function 

will be calculated in order to yield what statisticians refer to as a 

null-hypothesis. Other functions will be compared with it. The differ- 

ences between observed values and those computed from this function are 

apt to be large, since the function will not fit the data well. The sum 

of the squares of these differences thus yields a large "variance" 

which can be tested against the smaller variances obtained from later     : 

models. 
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The next step in refinement of the model is to try a function 

consisting of the first three terms of Equation (9)# 

f2 ' 2
aoo+2aio loe v + z'oi l06 c      (10'2) 

This model implies that the logarithm of the functioning time depends 

linearly upon the logarithms of the firing voltage and of the firing 

capacity, respectively. If we inspect Figure 3-4 once more, we come 

at once to the conclusion that this model may possibly be more realistic 

than (10.1), but that it still deviates largely from the "true11 and, 

unfortunately, unknown model. However, we may proceed to estimate the 

three parameters which appear in (10.2) from the given data and to com- 

pute the resultant variance. This variance should be smaller than that 

obtained from (10.1) and the variance reduction is a measure of how 

significantly we have improved our model. 

Let us complicate our function still further by the addition 

of three more terms from Equation (9). 

r3 - 3a00 + 3a10 l0S V + 3a01 log C + 3a20 log2v + 3^1 log V log C 

* 3a02 log
2C (10.3) 

This model implies non-linear dependence as well as inter- 

dependence between the logarithms of firing voltage and firing capacity. 

It leads to a certain variance, which is necessarily smaller than the 

preceding variance. The variance reduction is again a measure of how 

significantly the model has been improved by the introduction of new 

parameters. 

This process may be continued with more and more parameters. 

However, the computation soon becomes very unwieldy. The mathematical- 

statistical details of the least squares fitting to the data are shown 
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Table 3-5. SUMMARY OF STATISTICAL PARAMETERS FOR VARIOUS 

FUNCTIONING TIME MODELS OF THE T18E4 (R < 1000 Q) CARBON 

BRIDGE DETONATOR 

Model Parameter Value: 3            Variance Degrees of Freedom 

^00 0.68231 0.07918 152 

3a00 2.52248 0.01807 150 

3alcrl.69525 

3a20 0.34298 

5a00 2.37508 0.01723 148 

5a10-1.44256 

5a01 0-12950 

^^0.05244 

5a02 0.26839 

6a00 1-27757 0.02659 147 

6a0]L 0.60725 

6*2cr0.0991ß 

^^-0.15031 

6a02 0'U62i* 

6a03 0.01983 

7a00 2-62069 0.01371 146 

^^-1.66477 

7acl 0.41713 

7a20 0.31959 

^,^-0.02738 

7a02 0.22454 

7a03 0.03440 
CONFIDENTIAL 
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in Appendix A to which we refer the reader who wishes to carry out such 

a computation for himself. We are here most interested in the results 

of computations for thr T18E4 ( R < K : special) carbon bridge deton- 

ators. The reasons for L. 's choice were mainly that at the time the 

calculations were prepared these particular data were available in 

tabulated form, while other data were not available. Table 3-5 shows 

the values of the parameters for the four different models tried, as 

well as the result obtained for the null-hypothesis. The models do 

not quite correspond to the equations stated earlier. Some of the 

parameters were omitted, as graphical analysis showed them to be of 

insignificant value. The variance reduction for the various models is 

impressive. It also indicates that the most complicated model, t    with 

seven parameters, could still be improved. However, lack of computa- 

tional time prevented us from developing the model further. 

Figures 3-5, 3-6, and 3-7 depict the models f , f  , and f , 

The simplest model f assumes independence of the functioning time from 

firing capacitance, and non-linear (parabolic) dependence of the loga- 

rithmic^ functioning time on the logarithm of firing voltage. The re- 

sultant curves—straight lines—are "horizontal" lines by nature of the 

model. If we compare them with the models for f r and f  we can see 
5     f 

why in some of the first graphically smoothed models we had assumed 

that the lines were "horizontal" rather than curved. This detonator 

does not differ much from others in that respect. Only a considerable 

amount of testing and future work can establish beyond any doubt which 

model describes the data more exactly. 

Figure 3-8 shews the functioning times obtained from the graphi- 

cal smoothing procedure, described in Section 3.3 of this report. A 

comparison of these diagrams shows that the graphical procedure yields 

acceptable results, while the analytical procedure enables us to de- 

termine more closely the underlying model. 

The 99^ probability limits on the functioning time t 0 were 
• / 7 
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obtained from equations (6) and (7) for the analytically smoothed graphs 

and the variances shown in Table 3-5. The graphically smoothed limits 

for t QQ were obtained by the procedure described in the preceding 

section. The values compare favorably with the analytically obtained 

values, again indicating that in general the graphical procedure yields 

acceptable results, even though this procedure may not provide the best 

representation of the "true" functioning time model. 

3.5 Resume' 

The functioning time of a detonator is an observable, variable 

characteristic. Because of unavoidable variations in the manufacturing 

process of detonators, and effects not exactly controllable in the 

instrumentation, the functioning times observed under "constant" input 

conditions will vary from one detonator to the next-. In order to obtain 

a graphical representation of the detonators» functioning times, a 

mathematical model has been developed which states that the functioning 

time is dependent on the (logarithm of the) firing voltage and the 

(logarithm of the) firing capacitance: t ■ t(log V, log C). 

The uncertainties arising from random variations in detonator 

construction and operation of the instrumentation can be lumped into one 

random variable which permits us to state that the observable functioning 

time will be less than some ascertainable quantity with a specified 

probability 1 - a : 

P [ t ^t(log V, log C) + kpst ]  =1-0^   (11) 

The solution of this equation in terms of tp leads to functioning time 

lines with constant probability 

tp = tp(log V, log C, kp , st) . (12) 
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These lines can be obtained from a graphical procedure described :_n de- 

tail in Section 3«3, or they may be obtained from an involved analyti- 

cal procedure (but with greater precision), described in Appendix A and 

Section 3.4 of this report. E'ther method yields a satisfactory descrip- 

tion of the functioning times of a given detonator, provided sufficient 

data are available in the "area" in which the detonator will function 

with a probability exceeding 0.5. Several such diagrams are exhibited 

here in addition to the many diagrams published separately in other prog- 

ress reports prepared under this; project. 

For the type of data usually collected during detonator eval- 

uation, the application of graphical methods in the determination of the 

functioning time model seemspreferable—at least for the time being— 

to analytical methods-, The graphical methods are speedy and yield re- 

sults compatible with the desired precision. The analytical methods, 

although more precise, seem to require the use of a high-speed electronic 

digital computer for efficient application. Wherever such a machine is 

available, therefore, the analytical method should be given more atten- 

tion than we could give it. 

3.6 Selected References 

Confidence Intervals 

1. H. A. Simon, Statistical Tests as Basis for "Yes-No" Choices, 

Journal of the American Statistical Association, March 1945. 

2. A. G. Worthing & J. Geffner, Treatment of Experimental Data, 

John Wiley & Sons, 1944. 

Statistics 

3. C. W. Churchman, Statistical Manual, Methods of Making Experimental 

Inferences, Pitman-Dunn Laboratory, Frankford Arsenal, 1951. 

4. F, E. Croxton & D, J. Cowden, Applied General Statistics, 

Prentice-Hall, Inc.,1946. 
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5. W. E, Deming, Statistical Adjustment of Data, John Wiley & Sons, 19k3* 

6»    A. Hald, Statistical Theory with Engineering Applications, John 

Wiley & Sons, 1952. 

7» R. M. McClung, First Aid for Pet Projects Injured in the Lab or on 

the Range, or What to do Until the Statistician Comes, Aviation 

Ordnance Department, NOTS Technical Memorandum No. 1113 China Lake, 

California, 21 January 1953. 

Table for Tolerance Limit 

8, A. H. Bowker, Tolerance Limits for Normal Distributions, Chapter 2, 

Techniques of Statistical Analysis, New York, 1947• 

4. SENSITIVITY 

A detonator may be set off by a package of energy supplied by 

a charged condenser. An extremely small amount of energy will not cause 

the initiator to respond; it fails» An extremely large amount of energy 

will set if off in all cases; it functions. Between these two extremes, 

a detonator will react only with a probability commensurate with the 

amount of energy supplied. This response of the detonator is a quantal 

response, of the yes-no type. Only the more important of the relevant 

contributions of statistical theory to this problem will be discussed 

here. The later subsections will deal with problems that arise from ex- 

perimental design and analysis of data. 

The detonators used in our tests come mostly from a production 

line. The line may be newly established, or it may have been in operation 

for a period of years. In any case statistical equilibrium in any sub- 

sequent analysis can be insured only if all samples are taken at random. 

This is a prime requisite in all sampling problems, 

SampLing occurs twice in the evaluation of detonators. First, 

the units taken from the assembly line must be chosen in a random manner. 

Production may start up every Monday morning, hit a peak on Wednesday, 

-31- 

CMFIDEHTML 



CONFIDENTIAL 

THE FRANKLIN INSTITUTE .  Laboratories for Research and Development 

I-A1804-1 

and shut down on Friday noon. If so, the sample should be taken over the 

period of a week, or longer. This practice will remove any effect that 

the day of the week may have upon production. It is a necessary pre- 

caution since weekly operations show cyclic fluctuations in output qual- 

ity. In many instances, there has been observed a s]JW rise in quality 

from Monday until Thursday, followed by a drop in quality on Friday, 

Second, the random sample taken from the production line must 

again be sampled to perform tests that are independent of any strata 

in the sample. For example, the output of the production line may con- 

sist of cards, each containing five detonators. The cards are the 

strata from which the test units must be taken at random. To test one 

hundred units from a sample of one thousand, it is not proper to use 

twenty detonator cards of five units each, even if they were selected 

at random from the available 200 cards. Rather, the thousand units 

should be given cardinal numbers and selection should be made according 

to some scheme involving tables of random numbers. For example, we 

may identify each card and the position of the unit on any card by sep- 

arate cardinals. Only random selection from both cards and positions as- 

sures the elimination of systematic deviations from the norm, possibly 

incurred during the packing process. 

Experts in sampling theory and practice agree that random 

sampling is paramount to any success in the statistical analysis of 

data. This is especially true if the studies involve only part of the 

entire production. If the whole output could be tested, the problem 

of randomization would not be serious. But in destructive testing one 

must resort to sampling procedures, hence random selection is a "must." 

4.1 Constant Input Conditions 

Unlike the testing of detonators for a variable characteristic, 

such as functioning time or resistance, tests for a quantal response 

under constant input conditions provide little information. However, 

to understand the following forms of analysis more readily, we shall 
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first develop some notions about testing under constant input conditions. 

In the introduction to this section, we stated that a given 

type of detonator will certainly not function if the input is small 

enough. Likewise, the detonator will certainly function if the input 

is powerful enough. Between these two extremes lies a region about 

which little can be said a_ priori. If we knew exactly what each deton- 

ator unit would do under given input conditions, there would be no proolem 

of testing and evaluation. However, assume for a moment that two levels 

are known at which we can be sure of function and malfunction, respectively. 

Each level may be characterized by a certain firing voltage from a given 

capacitance, or by a certain firing capacitance for a given voltage. 

It is evident that for a test performed at an intermediate level, no 

prediction can be made in absolute terms about the response of the deton- 

ator. All statements must be couched in the appropriate form of proba- 

bility language. We shall then say that the probability that a given 

TYPE of detonator responds to a given input is a function of this input. 

If necessary, extensions involving other variables can readily be made. 

This statement in mathematical terms becomes 

Px = Px(V' C) (13) 

where P  indicates the probability of firing. The complementary 

probability for non-firing or failure is 

P = 1 - P (14) 
ox 

These probabilities are subject to experimental determination. For a 

given lot of detonators, the probabilities could be established nicely 

for any desired combination of C and V by simply testing the entire 

lot on that (P,V)-level# However, since we deal here with destructive 

testing, it would be only of academic interest to learn that a lot of 
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1000 detonators tested with 200 volts at 0 = 0,001 microfarads resulted 

in 46 failures, while 954 detonators functioned. 

However, there are certainly cases where testing at one level 

is of interest and value. We refer to acceptance testing in connection 

with a certain acceptance sampling plan. Specifications of a certain 

detonator may call for exactly such a test; for example, M1L-STD-105A 

requires that a certain number of units be tested at one level, and 

that no more than a specified number of failures be permitted. However, 

these specifications were established from the knowledge of the func- 

tioning probability at this level and we get into a vicious circle if 

we try to determine the level from acceptance sampling tests so as to 

obtain the acceptance sampling specifications. 

It is necessary that we consider testing on various input levels, 

so as to obtain a measure of the functioning probability for a given 

detonator. The next section of this report will elaborate on methods 

that can be used effectively to gain information about the underlying 

probability curve which describes the functioning of a given detonator, 

4.2 Effects of Variations in Inputs 

For the sake of convenience we shall confine our remarks to 

variations in the firing voltage. The results of these studies are 

easily translated into results that come from the variation of other 

parameters. From the discussion presented above, we see also that the 

response (e,g,, the functioning or mal-functioning) of a detonator is 

characterized by some probability curve. 

First of all, a "perfect" detonator has precisely reproducible 

characteristics. If a unit of a lot of perfect initiators detonates 

under a discharge of 33 volts from an 0,01-microfarad condenser, then 

all units of this type will function under such a discharge. Second, 

no unit will explode if we charge the condenser to only 32,99 volts if 

33 volts is the characteristic lower detonation limit for this "perfect" 
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initiator and the stated capacitance. Unfortunately, such a detonator 

has not yet been built, in fact, it is a far cry from the realization 

of this perfect detonator. In Figure 4-1 this non-existent "perfect" 

detonator is compared with its realized counterpart. We notice that 

the functioning probability of perfect units changes abruptly from 

zero to one hundred per cent. That is to say, such units exhibit a 

perfectly predictable performance. The response of imperfect detonators, 

on the other hand, is far from predictable in the classical sense. For 

example, the probability that a unit will explode at 25 volts is only 

5 per cent. But that does not mean that if we take 20 units and test 

them at 25 volts, we can count on exactly one explosion. Nothing of the 

sort is implied. In order to verify the 5 per cent probability, within 

stated confidence limits, we might have to test hundreds or even 

thousands of units. 

To the statistician, the curve of Figure 4-1 looks familiar. 

Similar curves are found in almost every textbook on statistics. Much 

ado has been made about the so-called normality of this curve, but there 

exist infinitely many curves of this typ«? and there is little reason 

to expect that the "true" detonator curve is "normal*" The only thing 

that can be stated about it is that it is a typical ogive, or S-shaped 

curve. Without considerable theoretical investigation we have no right 

to expect that it is normal, or Gaussian, and follows the Equation 

P = exp 
12^  -oo    V   2a 

Furthermore, since we have plotted the abscissa on a logarithmic scale, this 

distribution function has been normalized. But is also known that no trans- 

formation can normalize a non-normal distribution function exactly, es- 

pecially in the region cf the tails, and this is the region in which we 

are particularly interested. Therefore, we see that it is necessary to 

ferret out the parameters underlying this curve. The exact nature 
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of the entire curve can never be established; however, the curve can be 

located within narrow intervals—stated in terms of probability — by 

a suitable experimental procedure, known as experimental design» The 

next sections deal with several of the applicable designs, 

4.3 Experimental Designs for Quantal Response Tests 

Many studies have been made of the so-called quantal response 

tests. Various forms of experimental designs have been developed, per- 

mitting estimates of the desired parameters. These probability parameters 

must be found from the performance data of tests arranged according to 

some experimental design. The ultimate aim of all such tests is the 

description of the detonators in probabilistic language. We want to 

know—and this is typical of all quantal responses—what is the functioning 

probability of a given detonator at any given energy level. The higher 

the input level, the greater the probability that the detonator will 

respond without failure. 

At least three designs have been used rather extensively. They 

are (a) Probit Design, (b) Bruceton Design, (c) Bartlett's Design, Each 

design measures certain parameters of the underlying probability distri- 

bution and tends to maximize the probability that the calculated parame- 

ters agree with the actual parameters. 

The most efficient experimental design depends upon the true values 

of the parameters. If these parameters were known, the experiment would 

become unnecessary. Therefore, advance estimates of the parameters are 

usually made, or the experiment is designed around certain invariants. 

If both the mean and the standard deviation are unknown, the most effi- 

cient design would minimize the variances in both of these parameters. 

Unfortunately, this leads to a mathematical contradiction. A design 

which minimizes the variance of one parameter does not minimize the 

variance of the other, hence a compromise must be made. 
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knowledge about the distribution type is required. Generally speaking, 

however, it is not the most efficient design if all parameters are un- 

known. A probit design of two levels becomes most efficient in the 

determination of the standard deviation, however, if the mean is known. 

Since the latter event is rather improbable, the search for more efficient 

experimental designs has led statisticians to the following "up-and 

down" method. 

4.3.2 The Bruceton Design 

This design incorporates a sequential sampling technique. 

Figures 4-2 and 4-3 illustrate the organization and outcome of such an 

experiment. The basic idea is to perform tests at various stimulus 

levels. If any unit on a certain test level shows a negative response, 

the next unit is to be tested at the next- higher level? otherwise it is 

to be tested at the next lower level. This design concentrates all the 

tests—and the information—at the mean and insures maximum efficiency 

for the estimate of this parameter. 

The resultant sacrifice of efficiency in estimating the standard 

deviation can be made up by choosing a larger sample size. If two sam- 

ples of identical size are tested with a probit and a Bruceton design, 

the latter is at least 30 per cent more efficient. It yields more 

efficient estimate of the mean and an equally good estimate of the 

standard deviation. Both efficiency estimates are asymptotic and the 

parameters should be obtained with maximum precision in the necessary 

calculations. 

The Bruceton design is illustrated by data obtained with the 

T18E4 (R-Reject) detonators used extensively in the Bartlett design 

(Section 4«4«l)« The charge capacitance was again O.OdL microfarads. 

Experimental data include functioning time for those units that did 

not fail, and resistance of the carbon bridge prior to firing- These 

data are reproduced in Table 4-2 as recorded during the test. Each 

"x" indicates that the particular unit functions, while the o indicates 
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malfunction. The table shows again that the Bruceton run gives a mean 

firing voltage of 136 volts. However, because of the small (logarithmic) 

increment in voltage, the test has several long runs. In such a case 

one frequently wonders whether the test has run into experimental diffi- 

culties such as instrumentational variations, non-randomness of the 

units etc., or whether such a run is "real1* and can be statistically- 

expected. The answer to this question requires statistical developments 

which exceed the scope of this report. However, we wish to poixt out 

that there is a likelihood that during this test instrumentational diffi- 

culties were encountered beginning with unit 21 and ending with unit 

52; the same trouble seems to recur with detonator number 75» Our rea- 

son for such a statement is the observation that the detonator tends to 

have at first a lower mean firing level than from unit 21 on. It sta- 

bilizes at a relatively high firing level, then returns to the lower 

level, only to wander off to the higher level. In addition, it is known 

that the firing switch originally used in the Filits test unit acted 

up occasionally and might easily have caused the observed wandering in 

the Bruceton pattern. The analysis of these data is described in Sec- 

tion 4*4«3. 

One who has had experience with the Bruceton method knows, of 

course, how to use it effectively to control quantal response experi- 

mental conditions. The shift in mean firing levels, the sudden appear- 

ance of long runs, alternate fires and misfires, etc. are all indications 

of changes in experimentation which bear watching and correcting. The 

great advantage of the Bruceton type experiment—its sensitivity to 

such experimental changes—over the probit type is that it supplies a 

steady source of information to the experimenter. 

4.3.3 Bartlett's Design 

A maximum amount of information about the tail-end or end point 

of the sigmoid distribution is obtained by Bartlett. His design requires 

that tests are first performed at levels near or below the mean response 
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level.  The tests are continued until exactly two failures have occurred. 

Then, testing continues at the next nigher level, chosen at a suitable 

distance from the first level. Again, tests are made until exactly two 

failures have occurred. 

This process is continued until the desired precision has been 

obtained. The levels are no longer chosen at random; they are assigned 

a definite sequence. Under no circumstances are the test levels ever 

lowered. The outcome of a test may or may not influence the level of 

the next test.  Figures 4-2 and 4-3 give a graphical picture of this 

sequential test procedure. The last test on each level must be a nega- 

tive response. The gain in efficiency of this method is impressive but 

costly. The number of units required at the higher test levels is almost 

prohibitive. At the 0.999 probability level thousands of units may be 

fired before there are two failures.  It is obvious that small sample 

techniques are no longer adequate. However, this method is the most effi- 

cient known for getting narrow confidence bands at the high tolerance 

levels.  No efficient design for small samples can yield high tolerance 

levels with great precision; only large samples based on a Bartlett-type 

design will give the required information on the model parameters. 

The Bartlett type design can extend the gathered information 

to both tail-ends by carrying the tests successively to higher and lower 

levels. An example of such an experiment is given in Table 4-3 for the 

same T18E4 (R-reject) detonators that were used to illustrate the preced- 

ing designs.  In this table we give, for the sake of brevity, only a sum- 

mary of the test data. The first and the last level are both incomplete, 

as the supply of detonators became exhausted. A rough graphical eval- 

uation of the data in Figure 4-4 shows the firing probabilities of this 

type detonator over the range tested. A more detailed evaluation of these 

data will be given in the appropriate subsection (4.4.4). 

The detonators used in this test had been labelled resistance- 

rejected by the supplier because their resistances as measured by the 
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Table 4-3.  SUMMARY OF FIRING DATA OBTAINED IN 

BARTLETT TEST T18E4 (R-REJECT), C = 0.001p.fd 

Log V n       n 
o       X 

1.675 112     0 

1.7 632    2 

1.725 424    2 

1.75 38    2 

1.775 4    2 

1.8 43    2 

1.825 40    2 

1.85 22    2 

1.875 11   3 

1.9 8    2 

1.925 11    4 

1.95 4    2 

1.975 12    3 

2.0 12    2 

2.025 11    5 

2.05 19 11 

2.075 13 12 

2.1 26 20 

2.125 13 15 

2.15 27 22 

2.175 16 20 

2.2 10 25 

2.225 5 16 

2.25 2 15 

2.275 4 19 

2.3 2 12 

2.325 2 17 

2.35 2 13 

Log V ^o 

2 

n 
X 

2.375 26 

2.4 3 78 

2.425 ■3 14 

2.45 2 19 

2.475 2 30 

2.5 2 67 

2.525 2 23 

2.55 2 74 

2.575 2 41 

2.6 2 166 

2.625 87 

2.65 2 129 

2.675 2 329 

2.7 2 73 

2.725 2 100 

2.75 2 202 

2.775 2 ^3 

2.8 2 83 

2.825 2 175 

2.85 2 175 

2.875 2 177 

2.9 2 129 

2.925 2 90 

2.95 0 194 

'otal: i cm T7Ö 
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manufacturer, did not seem to meet specifications.  Upon measuring these 

resistances with our more refined instrumentation, we found that a ma- 

jority of these detonators were within the specification range from 1000 

to 10,000 ohms. Therefore, it appeared immediately that this detonator 

lot could be used to advantage to perform a Bartlett type test. Further- 

more, the Bartlett design is independent of the type of unit tested« 

For example, if one lot of detonators were tested by means of a Bartlett 

test, the test results could be compared with those obtained for another 

lot.  Since we did not have access to the needed, large quantities of 

detonators prior to this test, we offer the results obtained mainly as 

an illustration of the potentiality of which the Bartlett test is capa- 

ble. It is not implied that the results obtained are descriptive of any 

other detonator lot, but the techniques demonstrated are applicable to 

other detonator lots as they become available for testing, 

4*4 Analysis of Sensitivity Data 

The experimental designs described in the preceding subsections 

will now be analyzed to yield the desired parameters. Most of the models 

underlying the analyses assume "normality" of the data or their distri- 

bution, and it will be necessary to make a few remarks concerning such an 

assumption. As stated earlier, (Sec, 4»2), the curves obtained from 

testing detonators are of the ogive type.  In many instances, we can 

make transformations along the axis of test levels, or stimuli, such that 

the resulting curves resemble a cumulative, normal distribution curve. 

However, there does not exist any _a priori knowledge about the type of 

transformation to be chosen, nor have the experiments performed thus far 

given any indication as to the exact or suspected nature of the type of 

distribution function which represents the data best. 

Detonator users are extremely anxious to obtain information 

about the tail-end of these distributions since this is a region to which 

acceptance sampling tests and specifications are applied. Terms such 

as the "all-fire level" and the "no-fire level" are interpreted to mean 
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something like a level at which 99.9 %  or 0,1 %  of the detonators fired 

can be expected to function. The all-fire level is used to insure proper 

installation and use of the detonator. The no~fire level is used to 

establish safe handling levels or discriminatory functioning levels for 

several types of detonators. Yet these levels are the most difficult to 

establish experimentally, and it is certainly true that they can hardly 

be determined within narrow confidence bands unless large numbers are 

tested. 

In summary, the designs used to test detonators can be evaluated 

only against one another, and not against standards of any sort. Re- 

gardless of the assumptions made, these analyses are rather complicated, 

despite the simplicity of the concept. Each design is thus augmented by 

a form of data analysis, in addition to which there exists a general 

method of analysis developed by Berkson. These types of data analysis 

will be illustrated in the following sections and use will be made of 

various sets of test data that were available at the time the original 

analyses were made. In most instances we can compare the results with 

those for the T18E4 (R-reject) carbon bridge detonator used in the pre- 

ceding section to illustrate the various experimental designs. 

4.4.1 Probit Analysis 

The probit analysis is applicable to data obtained by any of 

the preceding experimental designs. However, it is mostly used in con- 

junction with data obtained from a probit type design during which pre- 

determined numbers of detonators are fired at predetermined stimulus 

levels. The probit analysis assumes that the data are of the normally 

distributed type. The first step, thorefore, involves a graphical ver- 

ification of that assumption. The fraction of units that are defective 

at each stimulus level is plotted essentially as a straight line on 

probability paper. The line can be tested for curvature by a Chi-Square 

test, and Finney has shown how a simple transformation of certain curved 

lines can often be made to yield a straight line for the transformed 
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variable. 

The evaluation of the data by the probit method is cumbersome. 

It leads to a maximum-likelihood estimate of the desired parameters and 

to a Chi-Square measure for significance tests. The process is illus- 

trated here by data from the T18E3 (AAP-50-2) carbon bridge detonator. 

The firing data are snown in Table 4-4 and the corresponding evaluation 

by the probit method in Table 4^5. The latter table presents only the 

final iteration. Five steps were necessary to obtain stabilization of 

the iterative process. 

The formulas shown in Table 4-5 are taken from Finney?s "Probit 

Analysis", They correspond in meaning to the formulas that we shall 

develop later. The following parameters are of especial interest here: 

x = mean logarithmic (transformed) firing voltage 

b = slope of fitted probit line 

a = intercept of fitted probit line 

A = weighted fitting error, an estimate of the deviation from the straight 

line 

f « number of degrees of freedom 

P B probability that the data can be represented by a straight line 

VCQ = mean firing voltage ~  antilog x 

V QQI ss firing voltage estimate for the 0.1 %  firing level (with 50 % 

confidence) 

V QQo = firing voltage estimate for the 99.9 %  firing level (with 50 % 

confidence) 

s.  = estimate for the standard error of the mean firing voltage 
V50 

For the detailed computational method employed in this version 

of the probit analysis, we refer the reader to Finney's book on the 

subject, A modification of this analysis is described in a later sec- 

tion (4.4.4) of this report. This modification of the probit analysis 

does not take into account test levels that result in all failures or 

all fires, but it avoids the cumbersome iterations of Finney?s method, 
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Table 4-4.    EXPERIMENTAL DATA FOR THE T18E3  (AAP-50-2)  CARBON 

BRIDGE DETONATORS BRUCETON RUN 

C s 0.0196 microfarads 

Observed 
Functioning Bruceton Firing L evels. Volts Bridge 

Detonator Time,(Micro- Resistance, 
Number Seconds -:'-) 100 79.? 63, 2 ?0.2 ,39.9 31.7 25.2 K Ohms 

282-3 - 0 1.0 
42-4 48.625 X 2.5 
295-5 - 0 2.0 
211-1 - 0 3.0 
44-2 52.COO X 3.0 
9-3 49.375 X 2.0 

116-4 - 0 4.0 
214-5 - 0 4.0 
43-1 48.250 X 2.0 

121-2 - 
v' 0 3.0 

105-3 52.875 X 2.5 
77-4 49.125 X 2.0 

100-5 - 0 3.0 
252-1 48.375 X 4.0 
^5-2 54.375 X 2.0 

279-3 - 0 1.0 
242-4 - 0 3.2 
183-5 60.875 X 4.0 
107-1 - c 3.0 
189-2 61.750 X 5.0 
36-3 - 0 4.0 

234-4 - 0 4.1 
236-5 - 0 2.0 
80-1 44.125 X 3.0 
32-2 - 0 7.0 
146-3 46.625 X 1.0 
197-4 69.375 X 3.0 
231-5 48.125 X 1.0 
109-1 - 0 7.0 
219-2 - 0 3.0 
141-3 49.625 X 2.0 
115-4 - 0 4.0 
83-5 47.625 X 2.0 
180-1 - 0 4.0 
153-2 - 0 3.0 
134-3 74.000 X 3.1 
31-4 59.250 X 1.1 
6-5 65.000 X 1.0 

127-1 59.125 X 3.0 
289-2 Total 

Total 

xts 

o»s 

3 

0 

7 

3 

8 

1 

2     0 

8     2 

6.0 

■* Functioning times include a built-in delay of 43*375 microseconds 
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Table 4-5. PROBIT ANALYSIS OF T18E3 (AAP-50-2) 

DATA FROM TABLE 4-4. 

V x=Log ^ n  p= n w nwx nwy 

0 25.2 .00000 0 2 .00000 3.379 .4624 2.889 .0000 1.336 
1 31.7 .09966 2 10 .20000 4.169 4.9299 4.159 .4913 20.504 
2 39.9 .19957 8 15 .53333 4.962 9.5360 5.084 1.9031 48.401 
3 50.2 .29930 7 10 .70000 5.752 5.1639 5.505 1.5456 28.427 
4 63.2 .39932 3 3 1.00000 6.546 .7640 7.052 .3051 5.3Ö8 

2nw   =    20.856     Snwx^ =      1.013 
Snwx =      4.245     Srwy^ = 530.10 
2nwy = 104.136     2rwxy =    22.379 

y = 

Enwx / HTM =    .2035 

2 nwy /  2nw = 4.993 

b =    [ Znvxy 2nw -2 nwx Envy ]  /   [Enwx2 2 nw - (2 nwx)2 ] = 7.931 

a = y ~ b x = 3.379 

X2 =    2nw (Y » y)2 =   Snwy2 - a Snwy - b Znwxy = .76 

f   = 3 

?   = .85 

x50 = (5 - a) / b = .2044 

V50 = Vo aritilog x 50 = 40.35 

s f = 1 / 2 rw = .0479 

N2 

x.ooi = -•1852 

v.ooi =16-^ 

2 
5b 

2 

s^ = 1 /  Znw (x - xr = 6.705 

.2    2 

50 

50 

s;f + (x,0 - xF  s^    / b^ = .000762 

SV_ = s2 x50 (V50 ^B*1 10^ ^ 6-$ö Y*999 = Ö#0902 

x#999 =    .5940 
SV      = 2-57        Sa» = '219 v50 V.999 =98-96 
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The form of the probit anal^rsis demonstrated here, as well 

as that shown later, has the advantage that deviations from the normal 

distribution can be treated after they show up, A transformation of the 

variate, or the fitting of another function to replace the straight line, 

will usually suffice. Either method of probit analysis is applicable to 

the analysis of quantal response data, whether the number of observa- 

tions onveach test level varies or not. The method can also be used to 

check results obtained by other forms of analysis, notably the Bruce- 

ton analysis. 

Estimates of the efficiency of the probit design and the as- 

sociated probit analysis have been made. It has been shown that even the 

best estimates of the 0,999 probability levels are affected by large sam- 

pling errors, no matter which of the proposed designs is chosen. Con- 

fidence bands at high tolerance levels are always extremely wide and 

the exact determination of high level tolerance points for purposes of 

quality control is very difficult. Furthermore, these estimates are 

made under the assumption that the distribution underlying the data is 

known to be normal. If this assumption is wrong, non-parametric estimates 

must be made and these are affected by even greater errors. 

4.4»2 Berksonfs Logit Analysis 

This method of analysis applies —like the original probit anal- 

ysis of Finney—to all types of experimental design discussed above. It 

develops a minirnum logit Chi-Square estimate for the desired parameters. 

The method of calculation is simple and straightforward. Tables are 

employed but once, and the cumbersome iterations of the probit analysis 

are avoided. For maximum precision this method of analysis is preferable, 

although the underlying distribution is not exactly normal and deviates 

especially in the tail end. 

For the details of this analysis, we refer the reader again to 

the original publication. The details of the computation, including the 

use of the published tables, are illustrated in Table 4-6, Of interest 
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are parameters similar to those discussed in the immediately preceding 

section of this report. A comparison between the results obtained will 

be made shortly, 

4,4.3 Bruceton Analysis 

The Bruceton Method of computation is based upon asymptotic 

formulas for maximum likelihood estimates.  The underlying assumptions 

are that the samples are large and that the random variable has a normal 

distribution, A theory based on the use of small samples has been de- 

veloped recently and yields similar formulas. The confidence bands for 

the extreme probability levels are very wide in either case. For the 

details of the developments, the reader is again referred to the pertinent 

original papers and publications. 

A standard computational form was developed at the Franklin 

Institute Laboratories for the purpose of analyzing experimental data 

from detonator firings. This form is exhibited in Table 4-7 and contains 

data for the same T18E3 (AAP-50-2) carbon bridge detonator examined in 

earlier sections of this report, A summary of the analytical results 

obtained by various methods is presented in Table 4-9 for purposes of 

discussion. The computational form takes care of all cases where 

n = n or n ^ n . 
o   X    o ^ x 

Table 4-12 exhibits the former case, 

4.4.4 Modified Probit and Logit Analyses 

A method of simplifying the analysis of quantal response data 

was developed some time ago at The Franklin Institute Laboratories, Its 

details are given in Appendix B, By this method maximum likelihood 

estimates are derived for quantal response models of two forms: 

log [ P / ( 1 - P) ] = a1 + b1 log V (15) 

and 
u(P) = a2 4- b2 log V (16) 
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Tab> 4-7.  ANALYSES OF DETONATOR DATA BY BRUCETON METHOD 

Type        Ti8E3 Manufacturer    Atlas Lot Nuiaber  AAP-50-2 

I   Teat Number Data Book Page       51 Detonator NOB. 

1 C -   C.0196    / yvA/ F Date Confuted  10-7-53 Inltialfl          CH                   i 

1 i2 no »x 

• '                   ■'  —1 

V * Volte Special Parameters 

i c » (log V)1sin -                1.4 0 0 2 0 25.1 

1 1 0 2 31.6 d -  (log V)t+1 -  (log V)4 -   0.1 

2 U 7 8 39-8 

3 9 3 7 50.1 1 Test Conditions                                            || 

4 16 0 63-1 

5 25 • 

11 Totals  s N - 20 N «    20 
0             x 

Primary Statistics 

A » 2 1 n 

B ■ Xl2 n              y for "o's" 

n - o + d ( AA ^ 1/2 ) 

M -  (NB.A2)A2     ^ for "x's" 

<r- 1.62 d (M + 0.029) 

\ for M > 0.3 only 

For "o^" 

31 

For "x's" 

51                         ! 

63 

1.605 

145 

1.605 

.7475 .7475 

.12579 .12579               i 

 ._ 11 

Secondary Statistics 

No »o + NxJ*« m    1.605 
"i^^ 

V ■ Antllog m 

40.27 

«T m  \/"v ^V 4- tf^   ■ .12579 

Yf - 5 c r 

158.9 
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which represent the logit and the probit model, respectively. The param- 

eters in each are obtained from maximum likelihood estimates (least squares) 

and can be found routinely, as shown in Table 4-8 which also exhibits the 

computational scheme that is used. Additional parameters, tolerance 

levels (such as the 50 %  firing level and others) and confidence limits 

for these tolerance levels are obtained from the appropriate equations 

cited in Appendix B. The results of these calculations are then compared 

with the results of the preceding forms of analysis in Table 4-8. 

The table indicates a number of interesting properties of the 

various forms of analysis. This comparison is only possible because the 

data chosen for analysis were of the Bruceton design type. Had we chosen 

data from a probit design, the Bruoeton formulas would not have been 

applicable. Nevertheless, there; are some facts of vital importance to 

the user of quantal response statistics which he should understand before 

he can proceed to make extensive experimental studies. 

The analysis of experimental quantal response data requires some 

sort of a model. Whatever parameters are estimated from the data, are 

therefore estimated in conjunction with an implied model (thus far no 

satisfactory form of non-parametric quantal response statistics has been 

developed). If the model implies normality or symmetry of the under- 

lying data, the estimates developed for certain high or low probability 

levels will exhibit a certain amount of symmetry about the estimated mean. 

If the model itself were skewed, then the estimates obtained from it will 

exhibit some asymmetry with respect to the mean. 

With such thoughts in mind we shall now examine the data of 

Table 4-9. First, we notice that all methods of analysis agree pretty 

well on estimates of the mean firing level: The various estimates range 

from 40.35 to 40.73 volts. Second, the estimates for low and high proba- 

bility firing levels obtained from the various forms of analysis are 

symmetric in a logarithmic sense; that is, the ratios of V 00, / V  and 

.5   .999 are constant. The modified probit analysis agrees well with 
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Table U~9.    COMPARISON OF PARAMETERS OBTAINED FROM 

VARIOUS FORMS OF PROBIT AND LOGIT ANALYSES FOR 

T18E3 (AAP-50-2) DETONATORS, [c = 0.0196^ ] 

Probit 
Analysis 

Logit 
Analysis 

Modified 
Probit 
Analysis 

Modified 
Logit 
Analysis 

Bruceton 
Analysis 

a 3.379 -1.1549 -10.8058 -7.6188 

b 7.931 10.9102 6.7122 4.7413 

m 2.2038 

a .2516 

V.001 16.45 

40.35 

9.42 

40.45 

14.11 

40.73 

9.42 

40.45 

16.45 

40.27 
• • 

v v  OOQ 9Ö.96 173.8 117.6 173.6 98.56 
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the original probit analysis. This agreement would be even better for 

probit experimental designs. The modified logit analysis agrees fully 

with the original analysis. This agreement is inherent in the use of 

computing machines instead of tables. Third, the most important point 

to be noticed is the disagreement between estimated extreme firing levels. 

This disagreement is basically inherent in the models. The reasons are 

thoroughly discussed in Appendix Bj but even without reading this dis- 

cussion we see that probit and logit models will lead their respective 

users to believe different things. For example, if it were known that 

a detonator obeys the probit law, the use of the probit analysis would 

yield correct tolerance levels. Use of the logit analysis would lead 

to incorrect and more widely spread tolerance levels. On the other hand, 

if a detonator were known to obey the logit model exactly, use of the 

logit equations would yield correct tolerance levels, while the use of 

probit equations would lead to erroneous and more narrowly spaced levels. 
4 

Therefore, it becomes increasingly important that we learn more 

about the actual distribution law which applie^ to detonators. However, 

this distribution cannot be ascertained from any small-scale probit or 

Bruceton test. Only the Bartlett test described previously, will enable 

us to separate the "right" from the "wrong" models with some ascsrtainable 

probability. 

4«4«5 Analysis of Bartlett Design 

The Bartlett design provides data such that the experimental 

evidence is weighted evenly on a3-l test levels. By using additional 

levels, the "true" shape of the distribution curve can be determined to 

any desired degree of accuracy. However, it is likely that the detonator 

supply will be exhausted long befc-e the nature of the distribution curve 

is firmly established. Even for somewhat limited experiments with a 

Bartlett design, various hypotheses can be compared and tested against 

one another. For example, one can determine whether the normal distri- 

bution is a valid hypothesis or must be rejected; whether the logit type 
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of distribution is valid or must be rejected; or whether the probit type 

is significantly better or worse than the logit type. 

Figure 4-4 shows the results of Table 4-3 in graphical form. 

We note that the observed experimental points show a different scatter 

for low voltages than for high voltages. Since all points have th.J 

same statistical weight, this change in scatter is significant. A curve 

drawn freehand through these points is not symmetric with respect to its 

center. This fact indicates a skewed distribution which differs from 

both the probit and the logit distributions. 

If we mak? use of the available statistical tools, the follow- 

ing steps can be taken to extract information from our experimental data: 

(a) We may apply a modified probit analysis to the aggregate of 

all data. Figure 4-4 tells us that such a fitting cannot be 

very good, but it establishes a yardstick with which we can 

measure other fittings. 

(b) We may apply a modified logit analysis to the aggregate of all 

data. This procedure, too, cannot yield a very good fit be- 

cause of the asymmetry exhibited in Figure 4-4. However, the 

resultant fit can be compared with that obtained for the probit 

analysis. 

(c) We may apply modified logit and probit analyses to portions 

of the data, omitting the upper or the lower tail section. 

This procedure evaluates each of the two asymmetric branches 

separately* It yields better estimates of the parameters un- 

derlying the tail ends of the distribution. 

In addition, we can compare results obtained from Bruceton and probit 

tests that were run concurrently with the Bartlett test. The comparison 

can be mad© for the basic parameters, or for the estimates of extreme 

firing levels. Disagreement between these estimates indicates that the 

assumed forms of the distribution function disagree and statistical tests 
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must be applied in the search for a better fit to the data. 

Table 4-10 shows details of the information obtained from the 

Bartlett test and control tests carried out in conjuction with it. The 

test procedure for this lot of T18E4 (R-reject) detonators involved firing 

at Bartlett levels. The mean was first established roughly by use of a 

Bruceton type test. In addition, a. probit test was fired to obtain a 

check on the Bruceton tests. All these tests are summarized in Table 4-10, 

The table begins with the a column for the "pure" Bartlett test data 

which were obtained by firing at alternating high or low voltage levels 

until at least two fires and two misfires had occurred. The next column 

contains the probit test data used to check the sensitivity levels and 

calculated tolerance levels. The next, two columns contain the two Bruce- 

ton tests, and a final column shows the grand total of all detonators 

fired at each level. 

Table 4-11 exhibits the statistical parameters obtained from 

these data by various methods, Bruceton analyses were only computed for 

the two Bruceton type experimental designs. However, modified probit and 

logit analyses were computed for all designs and can now be compared with 

Bruceton analyses and with one another« The,  table confirms a number of 

facts known from statistical theory. We shall list them here separately 

for future references 

(a) Bruceton designs are very sensitive to the choice of the correct 

"d". If the value of "d" is too small, the computed Bruceton- 

Sigma will be much smaller than the Sigma obtained from the 

probit analysis, although the former is an asymptotic estimate 

of the latter. The estimated tolerance levels for Bruceton 

designs with small devalues lie too close to the mean, (cf, 

V QQ-. , V QQQ in first and second Bruceton tests), 

(b) If the firing data indicate a skewed distribution, estimates 

of the mean firing levels from Bruceton, probit, and logit 

analyses will not agree very well. If the firing data indicate 
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Table U-ll,    STATISTICAL PARAMETERS AND TOLERANCE 
LEVEL FOR  VARIOUS PARTS QF THE BARTLETT TEST  E&TA 

T18 Eh (R -  Reject) Detonator 
C  = O.OOl   ^.f 

Bruceton Bruceton Combined Grand Grand Total 
Probit Test Test Bruceton To+al of Less First 
Test (d s  ,0225) 

-5»02653 

(d ~   .05) 

»11.U3613 

Teste 

-7.68U51 

All Data Six Lines 

aa »8067557 ~6o76955 -6.31796 

bi hoOiOiUe 2.31997 5cU09Uo 3.59990 3. ia629 2.95230 

**i 
ol7910 «31223 .13391 020122 .23023 0 21*536' 
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V
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67«a3 UT.25 750U6 60,18 56J43 50,92 
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\9$ 289«2 522.2 22U0I 308.9 366.7 37U.2 
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Figure U~5 
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Table U«ll - (Continued) 

-Al80u-1 

CO 

Probit 
Test 

First 
Bruceton 

Test 
(d = «0225) 

U6,8U 

Second 
Bruceton 

Test 
(d = .05) 

78.52 

Combined 
Bruceton 

Test 

65012 

Grand 
Total of 
All Data 

U9o50 

Grand Total 
Less First 
Six Lines 

\oS 70.15 143.33 

v^ 
H co 
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a syTinnetric distribution, possibly, under proper transformation, 

estimates of the mean firing levels will agree well. Therefore, 

extreme tolerance level estimates will disagree or agree (as 

the case may be) if various types of analyses are used on the 

same data, depending on the type of distribution. 

(c) The variance ratio, IL / U2, indicates that any combination 

of Bruceton or probit designs and modified logit or probit 

analyses does not yield a fit that is significantly different. 

Estimates of tolerance levels made from either form of analysis 

cannot be statistically distinguished from each other, even 

though they differ in magnitude. 

(d) The variance ratio -u, / IU ^or ^e to"tal data (also for the 

data reduced by the first six lines) indicates that the logit 

type of analysis produces a significantly better fit to the 

data than the probit type. Estimates of high or low tolerance 

levels for this type detonator, therefore, are more reliable 

if based on the logit type analysis. 

(e) The variance reduction incurred by omitting the first six lines 

from the grand total of all data confirms the skewness of the 

observed distribution. Estimates of high or low tolerance 

levels, therefore, are better obtained from reduced sets, if 

observations are made at both extremes of firing probability» 

Figure 4-5 depicts on probability paper the results of the var- 

ious analyses and the observed experimental points,. The choice of this 

type scale obviously yields straight lines for probit and Bruceton tfpe 

analyses, while logit type analyses yield slightly curved lines. This 

particular behavior of the fittings is studied in greater detail in 

Appendix B. Figure 4-5 shows how the significance statement made under 

(d) above is borne out by a graphical analysesc The experimental points 

indicate a definite bend, especially in the region of high functioning 

levels. The curvature introduced by the logit type analysis is not 

CONFIDENTIAL 



CMFIIEITML 
THE FRANKLIN INSTITUTE   •   Laboratories fm Research and Development 

Z) 
o 

< 
> 

< 
Q 

h- 
00 
LU 
\~ 

h- 
h- 
UJ 
„J 
h- 

< 
QG 

Li_ 
O 

o 
CO 

en 
< 
Q- 

o o 

GG 
< 
O 
cr 
a_ 

o 

Li. 

39\/in0A    9N!dlJ 

REPORT   L -1804 - I FIGURE  4-5 
- 6^ - 

COHFIDENT!AL 



CONFIDENTIAL 

THE FRANKLIN  INSTITUTE  .  Laboratories for Research and Development 

T~A1304-1 

sufficient to follow the curvature exhibited by the data points. There- 

fore, we shall want to investigate more closely the trend indicated by 

these experimental points* 

Scrutiny of the data reveals some startling results. Vie  are 

sure that for this lot of detonators neither probit nor logit analysis 

applies exactly, although the latter produces a significantly better 

fit. This is because the distribution is definitely not symmetric on a 

log V scale.  It breaks off sharply at the lower end (cf. Fig* 4-4), 

but rises slowly near the high end of the log V scale. This pattern of 

the experimental points Is not hard to understand.  Assume, for the 

sake of an argument, that this lot contains a relatively small percentage 

of "perfect" duds'« What would happen to our ourvf»? At the low end. It- 

seems, all detonators reach a point below which they will, not fire . 

The duds won't trouble us much there, since both duds and good detonators 

just don't fire below, say, 46 volts* The performance is different at 

the high end of the curve* There, the good, detonators should all fire; 

but a persistent ('though small) percentage of duds keeps on^ cropping up 

and causes the functioning probability to stay below unity. This de- 

scribes exactly the performance of the units tested*  It need not nec- 

essarily be true for other detonators or other manufacturers| but we are 

on safe ground when we say that the presence of a small percentage of 

duds will skew the distribution curve in such a fashion as this,, 

To illustrate this point, we have constructed Figure 4-6• The 

same experimental points, shown in Figure 4-5 are now interpreted by a 

series of asymptotes and graphically-estimated probability lines. If 

this is the kind of model which describes the response of these detonators, 

a considerable amount of theoretical work will be necessary before a 

* A dud may be regarded as an assembly, externally indistinguishable 
from a detonator, but incapable of detonating because of some flaw in 
its interior construction. Such a flaw might be the lack of a wire 
or a carbon oridge, the lack of charge, a wet charge, a charge con- 
sisting of inert material instead of an explosive, etc* 
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satisfactory interpretation of experimentally obtained firing data is 

found# Several attempts at dud analysis have been made, but none have 

yet given satisfactory results. A detailed study of this problem must 

be made in the future. 

4.5 Graphical Evaluation of Sensitivity Data 

Sensitivity data are quantal response data and were discussed 

in the preceding sections of this report. In these discussions we have 

restricted the evaluation of pertinent statistical parameters to the 

case where the input conditions have only one variable0 For example, 

the quantal response curves were obtained for the T18E4 carbon bridge 

detonator by firing from the fixed capacitance, C - 0.001 microfarads, 

at various voltages. These voltages were varied according to some 

experimental design which makes it possible for us ultimately to estimate 

the voltage at which the functioning probability of the detonator has 

some given value. For example. Figure 4-6 shows that the TI8E4 (R-Reject) 

detonator has a functioning probability of 98%  at a firing voltage of 

500 volts and a capacitance of C = 0.001 microfarads. It is much easier, 

however, to find from Table 4-11 (First Bruceton test and Bruceton anal- 

ysis) that for this detonator we have the following combination of 

statistical parameters:  (C,m,cT) = (0.001, 2.148, 0.1,6332). It follows 

that V c = I4O.6 volts, V QQQ = 449.5 volts, etc. In other words, if 
•!? •77/ 

we wish to characterize a detonator by varying more than one parameter, 

we can state the results in tabular form and proceed with the analysis 

of these data on some convenient basis. 

Table 4-12 contains such data, obtained in Test 44 for the 

T18E4 (R < Specs; Special) lot of carbon bridge detonators. The tests 

were of the Bruceton design, and were analyzed according to the scheme 

exhibited in Table 4-7. Table 4-12 indicates the well-known dependence 

of the mean firing voltage V r on firing capacitance. The greater the 

capacitance, the smaller the mean firing voltage V , or its logarithm, m. 
• ? 

There is some indication that the so-called sigma, obtained from the 
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Bruceton analysis, is also dependent on the firing capacitance. We have 

tested several other detonators for this dependence, but have not yet 

been able to state conclusively what the dependence is. Variance ratio 

tests used on the sigmas of Table i+-lZ  do not result in statements con- 

cerning statistically significant sigmas for the various capacitances. 

Therefore, ve cannot reject the hypothesis that the observed variation 

in sigmas is only due to sampling variations, and shall proceed to 

estimate an average, or over-all sigma cr from 

3 4 'znca
2
c/znc (17) 

where KL represents the number of detonators used at each C-level, and 

CTp is the sigma-value obtained, at a particular C~level. This average 

is only asymptotically correct, but we feel justified in using this short- 

cut formula. Equation (l?) yields a value of tf = 0.0896 which is shown 

at the bottom of Table 4-12, We can perhaps devise a better formula than 

equation (l?) by referring to Hald's "Statistical Theory with Engineering 

Applications," 

As in the case of the mean functioning times, we can now pre- 

pare a plot of the mean firing voltages V c on logarithmic graph paper^ 

The vertical and horizontal scales are respectively log V and log C, 

Such a plot is shown in Figure 4-7 for the T1ÖE4 (R < Specsj Special) data 

given in Table 4-12. From the plotted points of V c we obtain readily 

the entire curve between C = 0,0001 and C = 1,0 microfarads, labelled 

P = 0,5, The curve is smooth and shows no deviation from the plotted 

points. 

Next, we want to plot the tolerance levels, labelled P » 0,999, 

0.99, etc. For comparison, we may want to plot both the individual 

(local) tolerance levels as well as the smoothed levels obtained from 

equation (!?)• In either case, we have to translate the logarithmic 

values of firing voltage, m, and c  into antilogarithmic voltages, II 

we use again the multiples of cr shown, on page 20, namely t - 1,645, 
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Table 4-12.  SUMMARY OF RESULTS OBTAINED FROM 3RUCEr0i\T 

TESTS ON T18E4 (R < SPECS; SPECIAL) CARBON BRIDGE 

DETONATORS 

Capacitance 
C (uf) 

Detonators 
Used in test 

40 

m=log V j- V.5 

8.925 

a 

1.0 0.95062 0.0635 

0.1 40 1.17191 14e86 0.0592 

0.01 40 1.51875 33.02 0.0627 

Ö.001 40 1.98375 96.33 0.1429 

0.0001 40 2.5369 344.3 0.0908 

0-=  0.0896 
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2•32 71 3.090 f we have 

Vp = Antilog (m  4 t.p ä ) (18) 

As can be expected, the locally obtained levels deviate from the average 

tolerance levels in both directions, but the deviations are not large 

enough to warrant the assumption of a sigma that is variable with firing 

capacitance. However, such variations have been observed and. should be 

investigated carefully in either graphical or analytical evaluation of 

quantal response firing data. 

These simple steps complete the graphical sensitivity analysis. 

Similar curves have been prepared for all detonators evaluated at the 

Franklin Institute and are now familiar to most users. The essential 

feature of these diagrams is a characteristic family of curves with like 

firing probability which can be obtained for each initiator. These curves 

can be written in a general form by stating that the firing voltage V 

is a function of the firing capacitance C and the desired firing proba- 

bility P: V = V(C, P). If stated thus, the relation assumes the explicit 

form of an equation in three variables which represents a surface in 

space. The cross-sections of this surface are then plotted on a suitable 

scale, such as logarithmic scales for V and C in case of the detonators 

studied here. In the next section we shall make use of the knowledge 

that this general relationship exists. We shall try to elicit it from 

the data by analytical, rather than graphical methods* 

4.6 Analytical Evaluation of Sensitivity Data 

In Section 4.5 we have described in detail methods whereby a 

graphical analysis can be made of the quanta! response firing data of 

detonators. The essense of this analysis is the determination of a func- 

tion—in graphical form, of course -which relates firing voltage, firing 

capacitance, and firing probability. V ~ V{C, P). This situation is 

different, from that encountered in the study of functioning time data 
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since we now deal with an attribute and not with a variable« Neverthe- 

less, there are some points of Bimilarlty which will, help us understand 

the following analysis more read!ly. 

First, we  shall again deal with a  logarithmic model instead 

of the raw data models    log V «  log V(log C,  P),    One glance at Figure 

4-7 tells us that the shape of these  curves is relatively simple.    Of 
t, 

coursfe, we have had the advantage of  studying scores of detonator graphs 

in the past and they all indicate the  same thing:,  the resultant P-curves 

tend to rise for decreasing log C  values,  and flatten, out   for increasing 

log-C values.    We  shall try to interpret this  mforraation later  (cf. 

Resumö', Sect, 4*7).    To Introduce the model here,   it will be sufficient 

to state that the above functional   relationship seems to be analytic 

and therefore,  can be developed into a complete Taylor  series»    In this 

development, there must appear some  function of the firing probability| 

this  can be the  so-called normal  function,  the  loglt   function,  or any 

other function that some future  investigation may reveal to be superior 

to these two.    For details with  regard to these two functions, we refer 

the reader to what has been said  in Sections hok» 4^.5 and Appendix Ba 

If we denote this  probability  function  in  general by F(P), we 

find that F(P)  can generally be written as    F(P)   -   a •*■ b  log V,  for con- 

stant firing capacity^    The  complete Taylor expansion for F(P)  requires, 

therefore, only additional terms in  log C: 

F(P) « a + b log V + c  log C + c2log2C + c3log3C + ... (19) 

If F(P)  is highly  skewed with   respect   to  log V,  additional terms 
2 

involving log V,  log V log C,  etc«, may have to be  introduced.    However, 

the present analysis was restricted to the study of symmetric probability 

functions,  specifically to the  loglt and probit  models for F(P), 

The procedure for finding the  parameters  fa,   b,  c..)  is briefly 

the following;    The function (.19)   is  fitted to the given data by taking 

successively more termsc    First,  a  simple model 
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F^P) = ^ + b
:L log V + c    log C (20.1) 

±3  fitted to the observed quantal response data by least-squares tech- 

nique. The fitting of course, leaves a certain amount of unexplained 

deviation between the model and the actual data» This amount is com- 

puted in the form of a variance. Since the model (20.1) implies a straight- 

line relationship on logarithmic paper, we realize at once that it will 

not fit the data very well, but it may be used as a null-hypothesis to 

test other models. Next, we may try a more refined model? 

F2(P) = a2 + b2 log V + c21 log C + c^ log
2C.      (20,2) 

This model results in some variance between observed and esti- 

mated data. The variance may be compared with that obtained for the 

simpler model. If the variance reduction is insignificant, the intro- 

duction of the parabolic parameter c„„ was unnecessary with a high degree 

of probability. If the variance reduction is significant, additional 

parameters may be introduced and tested in a like manner. Details of 

the computational procedure entailed in such a process are given in 

Appendix C, 

Because of the excessive amount of computational work, the 

most refined model that was computed entirely was (20.3). 

F3(P) = a3 + b3 log V + c31 log C + c32 log
2C + c33 log

3C   (20.3) 

Details of this work are outlined in Appendix C3 By assigning probability 

levels P and choosing a sufficient number of points, we obtained Figures 

4-8 and 4-9 for the logit and probit type analyses, respectively. We 

shall now compare these two figures with Figure 4-7 which was obtained 

by graphical smoothing. 

First, we notice that the probability lines for P = 0.5 agree 

remarkably well. This agreement can be expected, of course, since the 
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Bruceton tests used in Figure 4^7 yield extremely good estimates of the 

mean firing levels, and since the two analytical methods are designed to 

yield efficient estimates for the same mean firing levels« 

Next, we notice that the dispersion, or the spread between the 

various probability lines is least for the graphical analysis, larger 

for the analytical probit analysis, and largest for the analytical logit 

analysis. Good reasons can be stated for this behavior of the extreme 

probability lines. These reasons have to do with the intrinsic proper- 

ties of the several models. Beginning with the Bruceton- graphical model, 

we know that the "local" sigmas are computed from a formula which includes 

all-fire and all-no-fire levels. Such a procedure tends to give smaller 

sigmas than a computational scheme which does not include the extreme 

levels. However, that is just the point which we want to make. Both the 

logit and probit type analyses cannot make use of these extreme firing 

levels and, therefore, tend to yield larger estimates of the sigmas» This 

tendency of the two analytical methods is enhanced by the fact that the 

analytical procedure does not give individual sigmas* It smoothes them 

in a separate operation (as we have done in equation (l7-))j but the analyt- 

ical procedure gives an estimate of an over-all sigma from the over-all 

pattern of experimental points. 

These observations are not arguments for or against the use of 

either procedure. They are merely observations of properties inherent 

in the use of any one of these models* A decision as to which model 

represents the data "best" cannot possibly be made on such short order, 

especially since we have accumulated little experience with analytical 

models. However, they are facts of which the user of such models should 

be aware and we shall point out some of the consequences in Section 5» 

4» 7 Resume 

The actual functioning or firing of an initiator is an attri- 

bute which can be measured as yes-or-no quanta! response for a given set 
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of inputs. Unavoidable variations in the manufacture of initiators and 

uncontrolable effects of instrumentation used in the tests cause one unit 

to function for a set of inputs, while another unit malfunctions under 

the same input conditions. In order to depict the functioning probability 

of detonators, a mathematical model has been constructed which states that 

the functioning probability is dependent on the (logarithm of) firing 

voltage and the (logarithm of) firing capacitance;: P = P(log V, log C), 

where P is the probability of firing. The solution of this equation 

le^.ds to lines with constant firing probability in a log V-log C coor- 

dinate system. These lines can be obtained from a graphical procedure, 

described in Section k*5  of this report. The basic data needed for thir 

graphical procedure are Bruceton, probit, or Bartlett type tests at a 

sufficient number of levels for the firing capacitance. The evaluation 

of such data may also proceed according to several types of analysis and 

the relative merits of these analyses are discussed in detail. All meth- 

ods studied here yield efficient estimates of the mean firing level, but 

the measures of dispersion estimated by the various analyses differ from 

one another. The logit type analysis yields the widest probability bands 

while probit and Bruceton type analyses yield narrower tolerance level 

bands. Analysis of the only Bartlett type test available thus far indi- 

cates that the logit type analysis may fit the detonator data signifi- 

cantly better than the probit type model. It also confirms a high degree 

of skewness, if duds are present or suspected. 

The graphical procedure is supplemented by analytical methods 

suitable to obtain the firing probability curves with any desired degree 

of precision. Analytical evaluation of multivariate quantal response 

data involves a great amount of numerical computation. It 3^ems hardly 

feasible to carry out such analyses on a routine basis unless high speed 

electix>nic computers, such as the UNIVAC, are employed. 

Confidence bands for the tolerance levels esLimated graphically 

or analytically can be found from the pertinent equations shown in Appen- 

dix B, These confidence bands are rather wide as long as the number of 
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units available for testing is limited. However, by a proper choice of 

the test levels and the models, e,g,, by use of very refined experimental 

designs, these confidence bands can be compressed to a rainimiun such that 

extreme firing levels can be estimated with greater confidence than at 

the present time, 
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5. APPLICATIONS OF FUNCTIONING TIME AND SENSITIVITY ANALYSES 

The methods outlined in the preceding sections are essentially 

descriptive and furnish a detailed analysis for any given initiator. 

Given a sufficiently large sample, the confidence bands providing esti- 

mates prepared from this description will be narrow. Although there re- 

main many unanswered questions, we can use effectively the information 

already gained. In this section we shall discuss briefly some of the 

possible uses for this information. The inclusion of these illustrative 

examples may not only clarify the interpretation of our results but also 

pave the way for future work. 

5.1 Specifications 

The mass production of initiators involves repeated testing. 

This procedure assures the "consumer" of the uniform quality of the product 

with controlled variations from the norm. No manufacturer can produce 

units that are identical. Limited variations in quality are therefore 

controlled by inspection and testing which should cover the whole range 
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accepted regularly as they meet this specification. However, there is 

no guarantee that the accepted detonators have uniform characteristics. 

For example, the sensitivity of the detonator could have undergone drastic 

changes at firir.g capacitances other than 1.0 microfarad without our ever 

finding this out from the proposed specifications. The diagram shows 

that the functioning time will be less than 10 microseconds with proba- 

bility 0.999 when firing with 80 volts from 0.01 microfarads, but changes 

in the manufacturing process might cause another lot to have greater 

functioning times than 10 microseconds at this new test level. Such 

changes will escape us if we use just one specification test level. 

Another feature is introduced by the use of MIL-STD-105A. If 

we plan to test detonators at the 0,999 probability firing level, enor- 

mous quantities are needed to complete one test. Since fewer units are 

needed to test at lower probability levels, what is the advantage of 

testing at the higher levels? This question drives at the heart of the 

entire specification test program and cannot be answered by a simple 

statement. 

First, we should determine what are the reasons for testing at 

a given probability level. If the chief reason is utmost reliability, 

then the high probability test level is justified; but a large number of 

units must be expended in the process. If the chief reason is the need 

for a descriptive measure, then testing at a lower level becomes ad- 

missible and entails a reduction in expended items. If we attach a risk 

function to each test level and assign some measure to the risk which we 

are willing to take, then an optimum test level can be found by applying 

modern principles of statistics and probability such as those used in 

demand analysis and sampling surveys, 

5.1.2 Sensitivity Specifications 

Functioning time tests led us (Fig. 5-1) to investigate levels 

ranging from 60 to 80 volts for 1.0 |if capacitance. Similarly, we may 
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dated 11 September 1950. This volume contains all the information 

needed here. Acceptance sampling plans are outlined in general, but 

they apply at once to the testing of initiators. 

The "consumer" keeps a constant check on the "producer". He 

wants to be sure that the product he gets  - of uniform quality and con- 

forms to specifications. Initiator specifications apply to a response 

probability of P = 0.999. The consumer will be satisfied if, in the long 

run, 0,1^ of all initiators fail to respond at this particular level. 

This so-called "fraction defective" will not change if production has 

attained a stable state. The production line techniques agree then with 

those used to establish the unit,s characteristic. 

Two important features of all acceptance sampling plans are 

pertinent to our detonator problem. They are Sampling Plans and Severity 

of Inspection. 

5»2*1 Sampling Plans 

There are three types of sampling plans, namely, single in- 

spection plans, double inspection plans or multiple inspection plans. 

(For details see MIL-STD-105A, Sect. 10, p. 3). 

Single inspection plans have the advantage of simplicity. Only 

a certain number of units must be tested. These tests lead at once to 

a decision concerning acceptance or rejection of the whole lot. A dis- 

advantage of single inspection plans is the large number of units re- 

quired. If the lots range from 8001 to 22,000 units.  Table III, page 

10 of MIL-STD-105A shows the proper code letter to be "N". The accept- 

able defectives level of 0,1^ corresponds to a functioning probability 

of 0.999. MIL-STD-105A, Table VI-K, page 44, specifies a sample size of 

300. The lot is acceptable if at most one unit in the sample misfires. 

If more than one unit misfires, the lot must be rejected. 

The same reference page shows that double sampling plans per- 

mit acceptance of the lot if a first sample of 200 contains no defectives, 
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In many instances, therefore, fewer than the 300 units required in the 

single plan will be needed.  If up to 2 units misfire in the first sam- 

ple, another sample of 400 ("Cumulative size 600") must show 100^ re- 

sponse or the lot is rejected. It can be shown that the average number 

of units tested under this plan in the long run is LESS than 300J Hence 

it is more economical than the single sampling plan. The same reference 

table shows also the intricate details of a multiple sampling plan» Sam- 

ples of 75 are taken and tested. Acceptance of the lot requires at least 

three such samples with a cumulative sample size of 225 for 100^ response. 

The average number of units tested is again SMALLER than under the double 

sampling plan. 

The consequences of any sampling plan are easily computed from 

its probability distribution* Details of these calculations are given 

in Appendix D of this report. First of all, no plan can effectively 

protect both consumers and producers from making an occasional mistake. 

Such a plan is impossible; it would require full inspection. But in 

destructive testing full inspection is not feasible. Even under the 

best plan, therefore, a "bad" lot slips through now and then and is ac- 

cepted by the consumer although it should have been rejected. Occasion- 

ally, the consumer will also reject a perfectly "good" lot jus- because 

the probabilities work against him. 

Such decisions create the risks taken by one or the other party. 

The risk of accepting a "bad" lot is usually referred to as the consumer's 

risk. The risk of rejecting a "good" lot is usually called the producer's 

risk. These risks are held low in any fair sampling plan and depend 

very much upon the acceptable quality level. In our case, the initiator 

output is acceptable if it contains 0.1^ defectives. Now, if the pro- 

duction line suddenly deteriorates and produces xots that are 1^ de- 

fective, the sampling plan should quickly catch such a change in quality. 

But if the output sinks to a level of only 0,2% defective, the plan can- 

not be expected to react quickly. The very first lot of this nature will 
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probably not be rejected. 

Figure $-2 compares consumer's and producer's risk for several 

plans. The figure is drawn on a scale different from that used in MIL- 

STD-105A.  It emphasizes the 0,1%  defective acceptable quality level 

through the use of a logarithmic scale. The three plans agree well in 

the risks incurred. The fourth curve refers to one of the present ac- 

ceptance sampling plans. This plan requires the testing of 50 units and 

permits retesting of 100 units if two units fail in the first sample. 

The retest must not show any failures. It is easily seen that this 

plan offers no protection whatsoever, "Bad" lots with 0.5^ defectives 

will hardly ever be rejected: the probability for rejection is only one 

percent. Lots slightly better are probably always accepted. The plan 

does not operate at the quality level of 0.1^ defective. It works nearer 

a level of 0,65%  as shown by the corresponding column cf Table VI-J, 

MIL-STD-105A. Of the various plans only those of MIL-STD-105A should 

be seriously considered for testing of initiators. The present plan 

discussed above does not protect the consumer. 

The cost of each plan depends on the average number of units 

tested in the long run. Let us assume that production has been in full 

swing for some time (steady state) and that the outgoing quality level 

stands at 0,1^ defectives. Then the following tabulation describes the 

average cost of each plan in terms of units tested (App, D) as follows: 

Sampling Plan Single Double Multiple Present 

Average Number of units 300 272,1 260.8 50.1 
tested 

The table confirms the well-known fact that the multiple sam- 

pling plan is always the most economical. The present plan uses up fewer 

units on the average than any of the other plans; but this merely reflects 

the fact already stated that it offers no protection. On the surface, 

the savings of the multiple over the single plan appeal- small.  But during 
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mass production, samples are taken weekly, or even daily* A saving of 

even fifty detonators per sample represents a sizable investment on the 

part of the consumer, over the period of one year. Further savings are 

possible through relaxed inspection methods (Section 5»2.2). 

$.2,2 Severity of Inspection 

Acceptance sampling from a production line may have continued 

for a while under a specific plan. After a year or so, it may come about 

that the production line operates at a uniformly stable level and that 

product quality conforms to the acceptable per cent defective. Why, then, 

should the tests continue on as severe a basis as was described in Sec- 

tion 5.2.1? 

Statisticians have coped with this problem in two ways. They 

recommend that the initial sampling plan be very severe. This establishes 

confidence in the product quality. Following a brief period of severe 

inspection, a longer period of normal inspection is recommended. This 

insures stability of the production line output. Finally, inspection 

may be relaxed. Only a few token units are tested from each lot. As 

long as they conform to certain cumulative standards, relaxed inspection 

may be continued. 

Tightened inspection (MIL-STD-105A, p. 44) requires that samples 

of 100 be taken with the multiple plan; samples of 300 and 600 with the 

double sampling plan; and a sample of 450 with tho single sampling plan. 

After a number of lots have been inspected, we may return to normal in- 

spection, if there were sufficiently few misfires. The normal inspection 

plan is now put into effect. After some time, many samples and lots have 

been tested. Their cumulative totals may permit the use of reduced in- 

spection. Table II tells us when to begin reduced inspection.. Table V 

shows that for lets of size "Nn the sample size may be reduced to 60 units 

per lot as long as inspection shows that the output conforms to Table II. 
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This reduction in sample size is possible only through the 

continuous calculation of cumulative totals tested and found defective. 

As soon as these cumulative totals exceed the limits shown in Table II, 

tightened inspection is at once employed until the production process 

has again attained a normal level. These conditions are embodied in the 

final sampling plan, proposed in Section 5»2,3« 

5.2.3 Acceptance Sampling Plans for Initiators 

The plan suggested here for the testing of initiators is based 

upon standards approved by the Armed Forces and by the Chairman of the 

Munitions Board. MIL-STD-105A states on page II the following: 

1. This Standard is approved by the Departments of the Army, 

the Navy, and the Air Force for the purpose of establishing sampling 

plans and procedures for inspection by attributes. 

2. This revision supersedes JAN-STD-105, dated 15 February 

19/4.9, as amended. Sampling Inspection Tables for Inspection by Attributes. 

3. The Quartermaster Corps, USA; the Bureau of Ships, USN; 

and the AMC, USAF, are designated custodians of this Standard. 

4. This Standard is mandatory for use by the Departments of 

the Army, the Navy, and the Air Force when applicable. Deviations found 

necessary when actually using this Standard shall be reported to the 

Munitions Board Standards Agency. 

5. Recommended corrections, additions, or deletions should 

be addressed to the Chairman, Munitions Board Agency, Washington 25, B.C. 

Therefore, it is recommended that the testing of initiators be 

subject to tightened, normal, or reduced inspection as defined in MIL- 

STD-105A« A minor refinement suggested here is the use of semi-logarith- 

mic paper for the risk curves and two-sided specifications. With the 

curves, the user can study in greater detail the operation of the plans 

at very high quality levels, e.g., at a fraction defective of 0,1^ or 
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less. Test levels for initiator tests should reflect both the functioning 

time and the functioning or response probability of P = 0.999 and of 

P = 0.001, Purchase specifications for the T13E3 might be written with 

such requirements in mind. As the present sampling plan offers relatively- 

little protection to the consumer, it should be modified in accordance 

with these principles embodying (a) MIL~STD~105A (b) two-sided specifi- 

cations. 

Such a procedure offers a number of advantages not yet brought 

out in the discussion. Not only does it offer protection, not afforded 

by the present plan, to both producer and consumer, but it permits also 

a control of improved or improvable manufacturing conditions. The reason 

advocated thus far for using two-sided specifications is the desire to 

achieve both safe lower limits and sure firing limits. However, as pro- 

duction methods improve, they may become standardized and possibly even 

mechanized.  It is quite likely that the performance of detonators can 

then be improved so as to approach more closely the ideal curve shown 

in Figure 4-1. If such a shift towards an improved product takes place, 

the two-sided specifications can be used to "squeeze" manufacturing 

techniques towards standards already achieved by many other industries. 

In addition, applications are being studied, where the lower limit of 

detonator peri'orraance is vital to the effective functioning of some de- 

vice. Slow voltage buildup used in the arming of mines, and firing of 

several detonators from a parallel circuit and a variable source are 

two such examples. 

5.3 Comparison cf Detonators 

This project has afforded us an opportunity to test and eval- 

uate a large number of detonator types and lots. In so doing, we have 

made two rather remarkable discoveries which influenced our thinking and 

may have some bearing on future developments in the detonator industry. 

First, we have analyzed a large number of lots belonging to the 

same type of detonator. For example, in addition to T18E3 (AAP-50-2), 
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Figure 5-1, we have evaluated T18E4 (AAP 15-1) and T18E4 (AAP 26-4) car- 

bon bridge detonators. The two resultant families of curves are shown 

in Figures 5-3 and 5-4• It is at once apparent that these last two 

detonators cannot possibly come from the same population, although they 

were both represented as T18E4 detonators. Sampling Viriations may ac- 

count for a small part of the differences, but statistical tests have 

convinced us that the last two lots are significantly different in many 

respects with a high degree of probability. In other words, production 

of detonators, frequently referred to as an art, yields one lot after 

another, each with different characteristics. There exists, of course, 

some over-all degree of uniformity, but upon close scrutiny it is diffi- 

cult to detect uniformity in more than just the descriptive number as- 

signed by the manufacturer. Little meaning can therefore be attributed 

to statements about detonator types unless their lot characteristics are 

stated or specified. Two lots of detonators are just not alike. 

Second, the differences between two detonator lots of the same 

type are sometimes even larger than differences between one type deton- 

ator and another. Comparing Figures 5-3 and 5-4 for two lots of T18E4 

with one lot of T18E3, Figure 5-1, we find the latter falls in many 

respects between the former. Oi course, we could not picture all char- 

acteristics such as effects of temperature cycling, drop tests, humidity 

cycling, etc., but the fact remains that the differences between deton- 

ator types may not be any greater than between detonator lots. 

These two discoveries have caused us to abandon the idea that 

detonator evaluation should yield population characteristics. Infer- 

ences as to population characteristics must be made from sample char- 

acteristics with extreme caution. Frequently they will result in ex- 

tremely wide confidence bands for the estimated population characteris- 

tics. In view of these facts, it seems as if standardization of deton- 

ator production might be more readily achieved than is believed by many. 

If the characteristics of individual lots vary as much as is indicated 

by our studies, introduction and production of new types is meaningful 
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only if these new types are indeed different in their response. Many 

of the varieties used now do not seem to possess such radically differ- 

ent characteristics and do not warrant designations different from 

existing types. 

Another, very interesting observation has been made during our 

continued study of various types of detonators. We noticed a very pro- 

nounced correlation between quantal response and functioning time which, 

in some instances was even independent of firing capacitance. If we 

look once more at Figure 5-4, we note that the larger functioning proba- 

bilities correspond to shorter functioning times, while the lower func- 

tioning probabilities occur together with longer functioning times. For 

this T18E4 detonator, the relationship between functioning probability 

and functioning time is also strongly influenced by the firing capaci- 

tance: the probability range P = 0.5 to P = 0.999 corresponds to a mean 

functioning time range t = 3.7 to t = 3.4"* microseconds at C = 0.0001 

microfarads; to a mean functioning time range t = 45 to t = 7 microseconds 

at C = 0.1 microfarads. For wire bridge detonators, the relation is 

sometimes so strong that it becomes capacitance-independent. For the 

M114(Lot 78) Wire bridge detonator, we observed mean functioning times 

of 250 microseconds at a functioning probability level P = 0.5j a mean 

functioning time of 80 microseconds at the functioning probability level 

P = 0.999 over the entire range of firing capacitances tested. Further 

work will be necessary, of course, to ascertain the exact nature of this 

correlation between the quantal response variable of functioning and the 

continuous variable of functioning time. If and when the nature of this 

correlation has been established, testing and evaluation of detonators 

may well enter an entirely new phase, since the testing of variables is 

much more easily accomplished than that of a quantal response. 

5.4 Selected References 

Acceptance Sampling 

1. Gr. F. Chidester and J. A. Lower, Single Sampling by Variables 
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for Destructive Testing of Small Lots with Stringent Quality- 
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6.    SUMMARY 

This report was written to smnmarize techniques developed and 

used at the Franklin Institute Laboratories for analysis and evaluation 

of initiator test data. The main tools, of course, are statistical in 

nature and the present study of initiator test data is concerned with 

functioning time and sensitivity. However, slight modifications of the 

tools presented here will permit evaluation of other factors, such as 

mechanical or electrical construction, pre-sparking of carbon bridges, 

temperature cycling, testing of stab type or conductive mix detonators, 

and many others. 

One of the fields reported here is the study of the functioning 

time of initiators, a stochastic variable. We made use of the relation- 

ship, or model, tp = tp(V, C, P) which states that the functioning time 

of an initiator remains below tp with probability P if the initiator 

is fired from a capacity C at voltage V. The parameters which appear 

in this relationship can be found from experimental data, by a graphical 

or analytical procedure, and a suitable experimental design. These pa- 

rameters may then be used +-c construct graphs which form part of the so- 

called EIH curves and depict the sample characteristics of the detonator 

lot tested. Extension to lot characteristics is feasible, but in view 

of our experience with changes from lot to lot, these lot characteristics 

are still not very meaningful. Functioning time graphs can be used to 

specify suitable acceptance sampling test levels, to determine operating 

characteristics for the user, and many other interesting application3. 

The sensitivity of initiators is an observable attribute, or 

quantal response, which is also a stochastic variable and a function of 

the inputs. We made use of the functional relationship P = P(V,C) 

which states that the probability of initiator response is a function of 

the firing capacitance C and the firing voltage V. The parameters 

which appear in the relationship are found with the help of various more 

or less elaborate experimental designs. Among them are the probit, 
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Bruceton, and Bartlett designs, each of which is augmented by an appro- 

priate form of analysis.- From the estimated parameters, graphs of the 

functional relationship P ~ P(V,C) can be constructed by the use of 

either graphical or analytical techniques. These graphs form part of 

our EIH curves and depict the sample characteristics of the detonator 

test lot under study. Extension to lot characteristics is again possi- 

ble, but yields very wide confidence bands for the estimated extreme 

functioning probability levels because of the large variations existing 

from one lot to the next. The sensitivity plots thus obtained can be 

used to find specification test levels, characteristic operating curves, 

and other interesting information. 

The methods outlined in this report are general and are well 

known to statisticians. Yet, it was felt that a summary presentation 

of these methods would serve those engaged in testing and evaluating 

initiators by pin-pointing some of the difficulties which beset the ex- 

perimenter. It is also hoped that this report will lead to a standard- 

ization of analytical techniques and provide a stimulus for at least two 

future studies of initiator characteristics. One phase of this future 

work concerns the true nature of the sensitivity curve, its non-norraality, 

and the decomposition of sensitivity analysis into detonator and dud 

analysis. The other, even more intriguing phase aims to remove the 

quantal response nature from the evaluation procedure by proposing the 

existence of a correlation between functioning time and functioning proba- 

bility. If such a correlation can be proved to exist, testing of deton- 

ators will assume much simpler aspects. If this report stimulates think- 

ing in those directions, it will have served its purpose and will have 

been well worth the effort. 
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APPENDIX A 

CCMPUTATIONAL PROCEDURE FOR FUNCTIONING TIME ANALYSIS 
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APPENDIX A 

CO... MUTATION AL mOC-iiBlLvi; /OR' FUJICtiOJIDKJ 1-tlX  ANALYSIS 

It is the purpose of this appendix to describe the computa- 

tional procedure used to derive the parameters which occur in the math- 

ematical models for detonator functioning times. The model, described 

in Section 3.4, is written in logarithmic form: 

f =. ano + a^ log V + a^,, log C + a/>n log V 4- a,, log V log C   (21) a00 T "10 a01 20 lll 

+ a^p log C + ••. 

The fitting procedure is the same, no matter how many parameters 

are chosen. We shall list here only the equations arising from one 

specific case and leave it to the reader to construct additional examples 

of greater, or lesser, complexity. We shall use a fitting which requires 

5 parameters: 

TV = ann + ain log V + ani log C + a9n log
2V + a,-, log V log C (22) "00  "10 "01 '20 xll 

The corresponding least squares equation, written in matrix form is 

N 2 log V Slog C               Zlog2V Zlog V log C 

2 log V Zlog2V Elog G log V   21og3V 21og2V log C 

2 log c Slog C log V Elog2C               Elog C log2V Zlog V log2C 

2 iog2v Zlog3V 2 log C log2V   Elog V Slog3 V log 

log V log C Slog C log2V  Slog V log2C Slog3 V log C Slog2 V log2C 

Irooj 
aio 
a01 
a20 

[all 

^5 
2T5 log V 

2'r5 log C 

Sr5 log
2V 

_Sr5 log V log C 

(23) 
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The variance for this fitting    U^r] is obtained from 

(N-6)       U [ r^ ]  = 2 r2    -    a00 2 f ~    a10 S t log V 

- a01   S f  log C    -    a20      Z   x log2 V 

- a11   2  t      log V    log C (24) 

The Nul3.-Hypothesis is rendered by 

r      -    a       -      Z  1 
1   -    a00    "      -T- (25) 

and its variance  Ü { ^n ] from 

(N-2)  Dlr^  =S t2 - aoo Z t (26) 

Table A-l cont O     basic data used to construct 

Figures 3-5, 3-6, and 3-7. These data apply to the T18E4 (R < Specs. 

Special) lot of carbon bridge detonators used in our Test 44» Table A-2 

lists the summations obtained from these data, used to solve matrix 

equations (23). The solutions obt,ained from these matrix equations were 

shown in Table 3-5 together with the variances obtained from equations 

(24) above. 

The method, as mentioned in Section 3.4 is perfectly gen- 

eral. It can be applied to any model of this nature. However, the so- 

lution of the matrix equations is tedious, even with tue help of modern 

high speed electronic computing devices. 
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Cable A-l.     iLPEi, {V <  SPEC:':     I-PECIAL)  7Er;T 4'* FP.  177-179,18i ÖAC1C UATA 

C            V t log c log, v ' ■■-■ log '-        C                  1/ t . ioß c lot V r =   10«  t 

001      149.6 3.250 -3.00000 2.17493 0.51188        .01            31.62 5.500 -2,0000 l,4q996 0.74036 
3.125 t 0.49485 6,250 1 1 0.79588 

125.9 3.625 ! 2.10003 0.55931 3.895 ♦ y 0.59C51 
3.125 0.49425     1.0         1000 3.000 0 3,00000 0.47712 
4.000 i 

f 
0,60206 3.000 1 0.47712 

3.250 0.51188 3.250 1 0.51188 
105,9 '^.875 2,02490 0,58827 3.250 0.51188 

3.875 | 0.58827 3.375 0.52827 
?J25 0,49435 3.125 0,49485 
3.500 1 0,54407 3.125 0.49485 
3.750 0,5740? 3.250 0,51188 
3.2 50 t 0.51188 3,375 0.52827 

89.13 3.5ÜC 1.95002 0.54407 3.500 T ! 0.54407 
3.500 0.54407       .01       1000 2.875 -2.0000 3.00000 0.45864 
3.500 0,54407 3.250 0,51188 
2.750 0.43933 3.125 0.49485 
3.250 0,51188 2.750 0.43933 
j,^^ 0,51188 3.25C 0.51188 
3.500 i t 0.54-407 3.625 0.55931 

74.99 3.625 1.87500 0.55931 3.375 j 0.52827 
1           13.34 4.625 

4.750 
-1.00000 1.12516 

] 
0,66511 
0.67669 

2.750 
2.750 

0.43933 
0.43933 

16,125 i 1.20750 2.750 t 0.43933 
15.B5 7.000 1.20003 0,84510        .0001    1000 2.875 -4.0000 3.00000 0.45864 

18.750 1 1.27300 2.625 0.41913 
6.375 1 0.80448 3.000 0.47712 

10,500 1.02119 3.000 0.47712 
7.125 i 0.85278 2.375 0.45864 
7.750 0.88930 2.750 0,43933 

14.250 1 1.15381 2.750 0.43933 
4.375 0,64098 3.500 0.54407 
9.125 r 0.96023 3.250 0.51188 
4.375 r 0.64098 3.375 Y T 0.52827 

18.84 5.875 -1.00000 1,27508 0.76901       .1           30. 14.625 -1.0000 1.47712 1.16510 
6.000 0.77815 4.500 1 0.65321 
4.500 0.65321 3.875 0.58827 
5.000 0.69897 4.000 0.60206 
4.500 i 0.65321 3.500 0.54407 
5.125 T 0.70969 4.25 0.62839 

0001    298.5 3.375 -4.00000 2.47494 0.52827 5.000 0.69897 
3.625 1 0.55931 4.750 0.67669 
3.625 0.55931 3.675 1 0.58827 

354.8 3.500 2.54998 0.54407 4.625 T 0.66511 
3.250 1 0.51188      1             100 3.500 0 2.00000 0,54407 
3.375 0.52327 3.500 0.54407 
3.625 0.55931 3.000 0.47712 
3.375 T 0,52827 3.250 0.51138 

421.7 3.500 
3.375 
3.500 

2.62500 
| 

0.54407 
0.52827 
0.54407 

3.500 
3.500 
3.750 

0.54407 
0.54407 
0.57403 

3.00 0.47712 3.250 0.51188 
3.00 0.47712 2.875 0.45864 
2.875 0.45864 3.500 ' f ( 

0.54407 
3.000 T 0.47712       .01      100 3.375 -2.0000 2.00000 0.52827 

501.2 3.125 1 2,70001 0,49485 3.250 0.51188 
01         44.6? 4.375 -2.0000 1.65002 0.64098 3.625 0.55931 

4.500 1 1 0.65321 3.250 0.51188 
4.000 0.60206 3.375 0.52827 

37.58 4.625 
3.125 
3.625 
5.500 

1.57496 

1 
0.66511 
0.49485 
0.55931 
0.74036 

3.125 
3.625 
3.375 
3.625 

0.49485 
0.55931 
0.52827 
0.55931 

, 5.375 • 0.73038 3.375 \ f 0.52827 
5.250 ! 0.72016      1.0             7.943 24.375 0 0.89998 1.38694 
7.750 0.88V30 22.125 t ) 1.34488 
5.750 

\ 
1 

0.75967       1.0               9.441 28.125 0   T 0.97502 1.44909 
4.875 0,68797 47.250 1.67440 

31.62 4.500 -2 „0000 1.49996 0.65321 13.625 1.13434 
7.000 0.84510 26.125 1.41706 
3.500 0.5440?     ■ 18.875 1.27589 
7.500 0.8750D 11.000 1.04139 
3.375 ' \ 0.58827 15.125 1. 1.17970 

35.500 f T 1.55023 

_   TOA   _ 
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Table A-l.     TISE/,  (H <  SPEC":     SPECIAL) TEST UU PI1.   17V-179,   1.%  BASIC DATA  (Contd.) 

1.0 
i 

9.441 
i 

25.750 
29.00 1 

0. ?7502 1.41078 
I.4624O 

T * ^v.2S0 1 t 1.46613 
1.0 11.22 10.125 

17.12S 

0 1,04999 1.00540 
1.23363 

i 
IS.000 , 1,17609 

T 18.12 5 y t 1.25Ö28 
1.0 13.34 17.12S 0 1,12^16 1.23363 
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Table A-2.    SUMMiVTIONS OF LOGARITHMIC FUNCTIONING TIMES 

T18E4 (R < SPECS:  SPECIAL) 

I log C -273.00000 

1 log2 C 785.00000 

I log3 C -2553.00000 

I log4 C 8945.00000 

1 log5 C -32793.OOOOO 

I log6 C 123,665.00000 

I log V 298.44639 

1 log2 V 654.26533 

1 log3 V 1570,18305 

1 log4 V 4021.30977 

1 log C log V -606.31870 

2 log2 C log V 1866,11134 

'£ log3 C log V -6338.23726 

1 log4 C log V 22850.10454 

1   log C log2 V -I437.91295 

1   log2 C log2 V 4642.86097 

1 log3 C log V -16257.67109 

2 r 104.39383 

I r2 83.26401 

Zrlog C -154.83727 

Irlog2 C 423.58349 

Zrlog3 C -1338.88873 

Zrlog G log V -329.74429 

Zrlog2 V 367.72251 

Z  log C log3 V -3594.02692 

Zrlog V 182.21322 

N 153. 
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APPENDIX B 

SENSITIVITY MODELS FOR INITIATORS 
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APPENDIX B 

Sensitivity Models for Initiators 

In this note we shall compare two of the models that have been 

use extensively to describe the sensitivity of detonators at fixed fir- 

ing capacities. The first model is based upon Berkson's Logit Analysis, 

tue other on Finney^ Probit Equations which are often approximated by 

the so-called Bruceton Equations. We shall point out some of the diffi- 

culties encountered in estimating extremely high or low firing levels. 

Figure B-l shows a typical sensitivity curve for constant fir- 

ing capacitance C and variable firing voltages V. The detonator re- 

sponse curve resembles a sigmoid function only accidentally and it is 

quite conceivable that it might even follow Figures B-lb or B-lc for 

special types of initiators. However, at the present time no one seems 

to know how to construct a physical initiator with a given character- 

istic curve such as that in Figure B-la, much less with a response such 

as that in Figure B-lb or B-lc. Nevertheless, such response curves are 

known for other physical phenomena. 

Our present state of knowledge implies simply that the firing 

probability and the firing voltage (or energy) increase together. But 

if some sort of filter action could be built into the detonator, it could 

be made to obey any type of complicated response. In the following, we 

shall assume that the response curve is a monotonically increasing sigmoid 

which approaches zero and unity, respectively, for extremely low or high 

firing voltages. It will be convenient to discuss the two models sepa- 

rately, remembering that both are strictly empirical as there does not 

exist an adequate physical theory to support either. 

1. BERKSON'S LOGIT MODEL 

The basic equation for this model is 

log (n/(l-n) ) = a-j^ + /^ log V (2?) 
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where the logarithms are natural logarithms. In actual computations, 

however, they are replaced by common logarithms and the modulus M. 

0 s^ n ^1 is the true, unknown firing probability for voltage V. 

(a-,, ß-J) are the true, unknown parameters in the model. Solving for 

V and Fl , we have 

v = vr] = (n/d-n) )1/pi exp (-y ß1) (28) 

n =nv = 1/(1 4- v""'1 exp (-a^ ) (29) 

The fitting process is usually carried out with equation (2?) 

since it permits a linear regression estimate of the desired parameters 

cu and ß, . The firing probability 0 cannot be observed directly and 

the model is written in terms of observed fires n , failures n , and x*        o' 
tested number of initiators n = n + n . The observed relative fre- 

x   o 
quencies    n    / n  ~ P    and    n    /    n ~Q   = 1 - P    are estimates of 11    and 

1 - IT  , while (a.,  b-,)  are estimates of (a,    ß   )     : 

log    (P/Q)    =    ^ + bi log v- (30) 

Estimation of the parameters by the maximum likelihood prin- 

ciple yields least squares equations which must take into account the 

number n of units fired at each voltage level V. Several conventions 

for assigning appropriate weights have been employed. Indicating the 

weights simply by w, we may use 

w1 = nonx / n ~ n P Q (31) 

w2 = n (32) 

Wo = 1 . (33) 
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Each of these weights has some statistical justification and the least 

squares equations become now 

a, 2 w + b Sw log V = S w log (n/n ) (34) 

a1E w log V + b1 2 w log2V = I w (log V) (log ( ry^) )  (35) 

The solution of these equations yields the desired estimates 

of the model parameters with which the sstimated number of fires and 

failures can be computed: 

~b] 
'X ~   n  '    (   1 + V    ^r   v " -1y - n / ( 1 + V 1 exp ( - a..) ) (36) 

No = n ~ Nx (37) 

For comparison with other models, we have the variance in the number 

of fires 

•ai (w) = k Zw ( nx - Nx)
2 / (k-2)2 w )       (38) 

More important is the variance of the fittings from 

UjW    =    k  vw (log (nx/no)  - log (Nx/No)    )2/((k-2)  S w ) ~  cr2    (39) 

= k [2w log    (nx/no)  - ^ Zv log (n^n ) 

- b1   Zw (log (nx/no)   (log V)J /((k-2) Ew ) (40) 

2 
This variance is distributed like 0      with k-2 degrees of freedom. Tol- 

erance levels and confidence intervals are obtained from (39) by as- 

signing the desired probabilities to these levels and intervals* Let 

us first find the firing (=tolerance) levels P, and P such that firing 

at the P-,-level is "almost certain" while firing at the P0-levcT will 
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"almost never" occur. Frequently, these levels are chosen to be 

P, = 0.999 and P = 0.001. The corresponding tolerance levels Vp 

and Vp are then obtained from (2?) or in logarithmic form from 

(28). 2 

What are the confidence limits for these tolerance levels? We 

are especially interested in "all-fire" or "no-fire" tests which take 

one-sided confidence limits. The tolerance levels P and ?9  lie then 
1    *- 

with a certain probability P^ below or above stated voltages V-, and 

Vp . First, we find the variance fcr estimates on log (P/Q)  : 

Ü [ log(P/Q) ] = a2 [ 1/k + log2(Vp/V) 2 w / (k Z w log
2 (V / V) ) ] (41) 

where cr  is estimated from (39) or (40). This leads to two confidence 

limit s: 

p   { log   (n/(i-n) ) < iog(Pl/(i-P1) + t     a[i/k 

and 

+ log2  (Vp/V)   Zw / (k Z w log2(V / V  )   ) ] 1/2   ] = P3 (42) 

P  {log (n/d-n) ) >iog(p2/(i-p2) - tp^ cf[i/k 
■3 

log2 (Vp/V) E w / (k 2 w log2(V / V)   )  ]    1/2   ] =    P 
(43) 

These equations state that with assigned probability P„ we can find 

a value of tp such that the true value of log (11/(1-11) ) will be 

smaller or larger than the respective upper or lower bounds in the 

probability statements.  These bounds yield the tolerance levels 

V ,p  and V ^  : 
^1 r3      2 h3 
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log Vp , p  =  [ log (P;L/(1-P1) ) - a1 + tp a  [l/k 

+ log2 (Vp/V) 2 w / (k S w log2(V / V) ) ] 1/2 ] / b1 

(44) 

log Vp ^p      =       [log(P2/(l-P2)   ) - a1 ~ tp    a {l/k 

+    log2(Vp/v) 2 w / (k Zw log2 (V / V)   ) j1/2]/ b1 

2.     THE NORMAL PROBABILITY (PROBIT) MODEL 

The  cumulative normal probability function is defined by 

0(u) = Un)"1/2       n      exp    (  •> u2/ 2  )    du    =    P  .     (46) 

-CO 

The inverse cannot be written explicitly and is defined symbolically as 

u = u(P) (47) 

As before, we have the model 

u(n) = a2 + ß2 log V (48) 

with estimates 

u(P)    =    a2 + b2    log V (49) 
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The  normal equations for the parameter estimates are 

a0  2w + b2 Z w log V =  Sw u(n /n  ) (50) 

a. ZK log V + b Z w log2V = Z ^ ^(n /n) log V (51) 

The estimated number of firings is again N  : 

Nx = n^(a2 + b2 los V) (52) 

Variance computations are similar to those of the logit model 

and lead to tolerance levels and confidence limits. First we compute the 

variance of the number of fires for comparison with other models: 

U2(w) = kZ w ( nx - Kx)
2 /((k-2) Z w )      (53) 

Then we find the variance of the fittings : 

U2 = k Zw [ u(nx/n) - u(Nx/n) ] 
2 / ((k-2) Z w )~a2   (54) 

2/ 
= k[ Z w u (n /n) - a0 2 w u(n /n) - b Zw u(n /n) log v] / ((k-2)Z w 

2 
This variance is also distributed like C      with k-2 degrees of free- 

dom. The tolerance levels V^ are again obtained for some pre-assigned 

probabilities P-.  or P« from (49) and the corresponding confidence 

limits are similar to those for the Logit Analysis: 

log Vp )P  = [ u(P1) - a2 + tp a { 1/k 

p/V) Z v / (k Z w log
2 (V / V)) ] 1/2] / b2 
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log V =     [u(P )    ~   a   - tp   a   {1/k P2'P3 2 2       P3       ^ (56) 

+ log2  (Vp/V)  Sw / (k Z w log2(V / V)) ]   1/2 ]/ b2 

3.     ANALYSIS OF INITIATOR FIRING DATA 

In Table B-l the number of levels is large enough to warrant 

the use of the above equations.    Of interest are only the "mixed" levels, 

e.g.,  levels with both fires and failures.     "Pure"  levels with only fires 

or only failures do not enter into the weighted equations. 

Table B-l 

Firing Data  for the T18E4 Carbon Bridge Detonator 

V n 

0 

n o 

2 

n 
_ 

n / n 
x^ 

log V nx no/n log(nx/no) u(n /n) 

75.8 0 1.87967 0 - - 
94.9 1 37 38 0.02631 1.97727 0.97368 - 1.56820 - 1/93803 

119.0 31 106 137 0.22627 2.07555 23.98540 - 0.53395 - 0.73120 
148.6 101 164 265 0.38113 2.17202 62.50566 - 0.21052 - 0.30252 
186.0 162 U7 209 0.77511 2.26951 36.43062 + 0.53742 + 0.75580 
233.0 46 6 52 0.88461 2.36736 5.30769 + 0.88461 + 1.19836 
292.0 5 2 7 0.71428 2.46538 l./^857 + 0.39794 + 0.56594 
365.0 1 0 1 1.00000 2.56229 0 - - 

Note:     Gommon logarithms were used in all computations. 
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Table    B-2 

Summations , Statistics, and Variances Derived from Data of Table B-l 

Statistical Element vv-n n / n 1 x o/ 
w2 = n wQ - 1 

Ew 130.63162 708 6 

2 w log V 286.23851 '1549.75988 13.32709 

2 w log2V 628.08641 3399.39718 29.76834 

S w log ( n / n ) x /  o / - 2.65036 - 27.42447 - 0.49270 

2 w log ( nx / no ) log V - 1.23112 - 20.15123 - 0.37130 

2 w u(n / n) - 4.11080 ■ - 32.48884 - 0.47165 

2 w u(nx/ n) log V - 2.65910 - 17.56141 ■~ 0,10074 

2 w log2( 
x   o 26.90457 246.41879 4.01838 

2 
2 w u (nx/n) 51.80262 440.59327 6.73937 

al - 11.36546 - 12.35613 - 9.73082 

bl 5.17763 5.62714 4.34395 

a2 ~- 15.76991 - 16.58004 -12.71404 

b2 7.18261 7.55681 5.68861 

l'l (W) 
143.8 93.7 254.7 

u2 (») 158,0 124.9 225.7 

\   (Wj) 49.96 38.26 254.7 

U2 (w3) 55.43 48.31 225.7 

h 0.03624 0.04439 0.20923 

u2 0.06976 0.07338 0.32897 

V1,P=0.5 
156.7 157.0 173.8 

»o on c: 156.9 156,3 171.8 
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Table ß-2 shows the primary statistics derived from the data 

of Table B-l and the variances for a comparison of models and fittings. 

Table B-3 shows the tolerance levels and extreme confidence limits for 

Various firing levels computed from the two models for the same data. 

Table B-3 

Tolerance Levels and Confidence Limits (in Volts) for Two Models 

Firing 
Levels 

% 

Confidence 
Level 

% 

Logit 
wl 

Model - - 
W2 w3 

Probit Normal Model - - 
wl     w2    w3 

99.9 95 893.8 736.0 1431.1 573.6 507.5 1034.1 

99.9 50 594.9 535.6 852.3 422.4 400.8 600.1 

99 50 380.7 355.2 500.6 330.7 317.6 440.5 

95 50 276.7 264.9 342.3 265.8 258.1 334.3 

50 50 156.7 157.0 173.8 156.9 156.3 17]..8 

5 50 88.7 93.0 88.3 92.6 94.7 88-3 

1 50 64.5 69.4 60.3 74.4 76.9 67.0 

0.1 50 41.3 46.0 35.4 58.3 61.0 49.2 

0.1 95 27.6 33.7 18.0 43.2 48.4 29.3 

Note: u(0.999) = 3.09024 , u(0.99) = 2.32636 , u(0.95) = t  = 1.64486 
^3 

Let us now investigate the validity of the two models. We turn 

to Table (B-2) and note that only the equally weighted variances IL(w«) 

and ^9  (w„) are truly comparable while variances obtained under different 

weighting procedures may not be used to form variance ratios for F-tests. 

The smallest variance in the rows V (w^) is 38.26 from the logit model 

with weights n . This variance has (4,4) degrees of freedom and the 

other variances are not significantly out of line. Even the weighting 

procedure w- can only be rejected on the basis of professional 

-119- 

CONFIDENTIAL 



CONFIDENTIAL 

THE FRANKLIN INSTITUTE . Laboratories/or Research and Development 

I-A1804-1 

statistical knowledge and will not be used in future work. Therefore, 

the only two weighting procedures of interest are w,  and w  and the 

two models differ little in their description of the quantal response 

phenomenon, certainly noo enough to warrant rejection of either. 

Table (B-2) shows also that the estimates of the mean firing 

levels agree well for both models and the two weighting procedures w.. 

and w ,  Unfortunately, the evaluation of detonators is not based on 

their 50%  firing level but on the two extreme levels, one at 99.9^ and 

one at 0.1^ firing. The former is the level at which the detonators 

will almost certainly fire. The certainty is increased if the firing 

voltage is raised further. The lower, safety level indicates the voltage 

at which the detonators will almost never fire, and hence are considered 

safe to handle. 

Table (B-3) lists various firing levels obtained from the two 

models and we shall consider only the weighting procedures w  and w? . 

The probit model yields a substantially narrower spread than the logit 

model for the interval from 0,1^ to 99.9$> . This is not surprising 

since any estimates obtained from a statistical study depend primarily 

upon the model used. No quantitative estimates can even be made without 

a model and its parameters, hence the choice of the model determines the 

kind of estimates obtained. In other words, if we had more insight into 

the actual behavior of the detonators, we might know that the probit 

model, for example, is truly representative and that the upper firing 

lovel with 95^ confidence lies even below 507.5 volts. On the other 

hand, if the logit model were truly representative of the actual func- 

tioning of the detonators, the upper 99.9^ firing level would lie below 

73^.0 volts with 95%  confidence. 

Similar extimates may be carried out for the lower, safety 

level. Thus estimates of extreme firing levels can be made with con- 

fidence only if the actual response pattern of the detonators is known. 

Such information, however, cannot be gleaned from Brucetcn or probit 

type experiments. The only experimental technique known which gives a 

maximum amount of information about these extreme levels is that developed 
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by Bartlett.  This experimental design requires an enormous number of 

units and is very costly; however, it cannot be avoided if we are to 

settle the model problem.  It seems imperative that in a few cases, at 

least, the response of detonators at extreme firing levels must be 

determined by an actual firing test so that a decision can be reached 

as to which type model is representative of the "true" detonator response. 

U.     THEORETICAL CONSIDERATIONS CONCERNING LOGIT AND PROBIT MODELS 

Neither model considered here is really based on any physical 

txheory.  The detonator response curves, "  e so many other quantal re- 

sponse phenomena, just lopk like sigmoids, and the natural procedure 

was to use simple sigmoid models in their evaluation,  A more penetrating 

analysis of these models can be made, however. 

Figure (B-2a) shows once more a typical sigmoid quantal re- 

sponse curve, fitted to a fictitious set of data. It is assumed that 

the fitting was carried out by logit and probit methods. The two fittings 

do not differ very much from one another, certainly less than the ex- 

perimental data differ from either fitting. Therefore, the "true" model 

cannot be ascertained, unless observations at the extreme firing levels 

are available. 

The two fittings represent smooth curves and their derivatives 

are shown in Figure (B-2b).  The two derivative curves again differ little; 

the data are not sufficient to distinguish between the curves with high 

probability. Estimates may now be made from these two models for ex- 

treme firing levels after the fittings are made.  Since both models con- 

tain Wo parameters, the estimates can be made to agree in the location 

of the mean firing level and in the slope of the sigmoid response curve 

at this mean firing level. However, agreement may be forced with respect 

to any other two desired properties of the two models. 

Estimates of the firing levels that are far from the mean will 

be more in error than those near the mean.  Figure (B-2c) shows these 

differences qualitatively. If one of the models is "correct" estimates 
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made from the other model w;.  e increasingly incorrect as higher or 

lower firing levels are chosen. 

The mathematical analysis proceeds from equation (29) which 

shows that the slope of the logit sigmoid is: 

d n     ß     exp ( a  + ß.., log V ) / [ 1 + exp ( a + ß  log V } ]2 (57) 
d log V "  1      ^ i   - 

while the slope of the probit sigmoid obtained from (46) is: 

liL-^-^Lexp (-(a2.ß2logv)
2/2) (58) 

If the two sigmoids are to agree in the mean, 

a / ß - a / ß , . 
1 / Hl   2^2 (59) 

The slope at the mean of the logit sigmoid is 

while the slope at the mean of the probit sigmoid is 

d n 
d log V 

^P - 1/2 
"-ß2 /"V 

2n (6L: 

Combination of conditions (59) and (62) 

P1/4=  ß2 /-/^n" (62) 
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yields for a given set. of    (   CL   ,  ß ) 

a2 = al ,x/2 n   / k (63) 

ß2 =ßlA/ 2 I!    / 4 (6^ 

and the difference in estimates for log V becomes 
ft 

(iogv)T   .+ -(iogv)p  h.t   =-
a

1^i°g(n/(i-n))+a2-u(n) 
b Logit & Probit         p-r          5  

[log  (n/d-n)) - u u(n) /^f ] (65) 
^ p 

X 

n        log 

= TT[l08—n - -^rf*^! ^ 

where P = 0.5 . This last transformation shows that agreement of logit 

and probit models at the mean, and at the slope of the mean, is merely 

a special case of a more general class of conditions which can be im- 

posed upon the models. 

The models can be made to agree in their means and in the 

cumulants at (P) and (l~P). This procedure yields a matched range 

such that the two models agree in three points, as shown by the differ- 

ences of Figure (B-2c). The conditions to be satisfied are (59) and 

for some fixed P : 
x 

a1 + log Px / Qx        a2 + u(Px) (67) 

 PI  = ~r2— 
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which yields 

a2 =    ai u(Px) / l0g(Px/Qx) (6Ö) 

ß2 =   ßl u(Px)  / l0g(Px/Qx) (69) 

and agrees in form exactly with (66) if we  consider the difference be- 

tween the estimates for    log V    : P 
log Y-f 

-     ) Logit "  (Log V) Probit      : -f" log ^ -        u(p  ^    u (H)     (70) 
1 x 

Since the condition that the two models agree in the mean and 

the slope at the mean is only a special case of the more general con- 

dition that the two models agree in the mean and in two selected cumu- 

lant points, we have tabulated a few values for probabilities ranging 

from extremely low values to extremely high values.  Table (B-4) shows 

that the matched range can be varied at will by assigning to P suit- 

able values. Inside that range, logit estimates are smaller than probit 

estimates if the probabilities exceed one-half; the logit estimates are 

larger than the probit estimates if the probabilities are smaller than 

one-half. The picture is reversed outside the matching range and the 

differences between probit and logit estimates tend to infinity as P 

approaches unity; they tend to negative infinity as P approaches zero. 
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Table  (B-4) 

Difference Between Estimates of log,  V for oelected Probability Values 

n ?1   [ ( log V ) LORlt 
- ( log V 

^ Probit 

P = 0.5 
X 

P - 0.9 X P = 0.99 

0,9999 1.4226 1.2308 0.8096 

0.999 0.8579 0.6936 0.3486 

0.99 0.3834 0.2634 0 

0.9 0.0661 0 -0.1451 

0.8 0.0189 -0.0320 -0.1285 

0.5 0 0 0 

0.2 -0.0189 0.0320 0.1285 

0.1 -0.0661 0 0.1451 

0.01 -0.3834 -0.2634 0 

0,001 -0,8579 -0.6986 -0.3486 

0.0001 -1.4226 -1.2308 -0.8096 

Note :   For the sake of convenience, logarithms used here are common 

logarithms. 

5.  SUMMARY AND CONCLUSIONS 

The preceding study summarizes for reference purposes many of 

the equations necessary to carry out precise analyses of quantal response 

data for the logit and the probit models. Estimates for extremely high 

or low firing levels from the two models differ considerably, while 

estimates of the mean level differ only slightly. This is in part caused 

by the use of Bruceton type data which concentrate all information near 

the mean firing level. Fully as much of the uncertainty in extreme level 

estimates is caused by the characteristic variations of the two models 
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themselves.  The total spread between extreme level estimates is con- 

siderably larger for the logit analysis than for the probit analysis. 

This fact should be borne in mind when comparisons of extreme level fir- 

ing voltages are to be made. 

Summarizing the results of this study, we come to the following 

conclusions: 

(a) Bruceton type experimental, designs are not sufficiently strong to 

discriminate between probit and logit models. 

(b) Estimates of extreme firing levels made from the two models differ 

considerably in magnitude; the probit model yields the narrower toler- 

ance bands. 
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Chapter 2, Techniques of Statistical Analysis, New York, 1947. 
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COMPUT/ 'ONAL PROCEDURE FOR SENSITIVITY ANALYSIS 
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APPENDIX C 

CCMPUTATIOML PROCEDURE FOR SENSITIVITY ANALYSIS 

In this appendix we shall, describe the computational proce- 

dure used to derive the parameters which appear in the mathematical 

models for detonator sensitivity analysis. The models, described in 

Section 4*6, can be written in logarithmic form: 

2 3 
F(P) = a + b log V + c, log C + c log C + c,, log C + ••• ;7i) 

According to Appendix B, the probability function F(P) may be 

of the logit or the probit type. The number of parameters chosen in the 

fitting process does not affect the procedure as such, and we shall list 

here the equations that arise for fittings with the five parameters 

stated explicitly above.  Since quantal response data must be weighted 

(cf. Appendix B) the least squares equations require weighting factors 

of the form w = n n / n where n  is the number of observed mis- 
O X ' o 

fires, n  is the number of observed fires, and n = n + n is the total 
' x 'ox 

number of detonators tested for a specific combination of firing voltage 

and firing capacitance.  For the logit model, the least-squares equations 

are, then, written in matrix form: 

Zw Sw log V 
2T 

2. 
Zw log V Zw log V 

Zw log C Zw log V log C Zw log^C 
? 2       3 

Zw log'C Zw log V log C Zw log C 

2 3 
Z w  log C     Z w log C      Zw log'C 

2 3 
Z w log C log V Z w log C log V Z w log C log V 

.Jr. x Zw log^C Zw log V log-X   Zw log+C 

Zw log (n /n  ) 
x    0 

Zw log (n /n )  log V 

Zw log (n /n )  log C 

Zw log (n /n  )  log2 c 

Zw log (n /n )  log3 c 

Z w log3C 

Z w log C 

Zw log5C 

Zw log4C 

Z w log'^C 
6 

2w log'C JL^J 

(72) 
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For the probit type analysis, the right-hand side-column vector 

is replaced by: 

; 2w u  (n /n) 

i Sv/ u  (n /n) log V 

Zw u  (nx/n) log C 

2w u     (n /n) log2C 
x      « 

5]w u  (n /n) log' C 

(73) 

The first two of these equations are similar to equations (34), (35)» (50), 

and (51) shown in Appendix B. 

The variance for this fitting  Ü ( p ] is obtained from 

(N-6) 0 [ P  ]  = E^ log2 (nx/no) - a E w log (n^) 

- b Ew log (n /n ) log V - C-,  S w log (n /n ) log C x o X o' (74) 

2 ^   3 
- c0 2 w log (nv/nrt) log C - CL S w log (n^/n^) log C x o X' o' 

Table (C-l) contains the basic data that were used to carry 

out these computations. In addition, the table holds the summations 

that were needed to solve equations (72) and (73). The solution led to 

th^ following values for the five parameters; 

Parameter 

a 

b 

Logit Equations 

- 6.03338 

+ 6.34594 

+ 1.0368? 

- 0.392313 

- O.OO4856O8 

O.OO64I 
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- 0.536254 
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These parameters were used to construct Figures (4-8) and (A-9) by 

substituting the desired probability values in equation (71). 

To avoid the possibility of a misunderstanding, it should be 

pointed out that the two variances reported <:bove are obtained for the 

respective models. Hence, they cannot be tested against each other, 

but only against similar variances obtained from the same data for models 

with either more or fewer parameters. Since no other fittings were 

computed, we are not in a position to state positively whether this is 

the most significant fit to the data. However, the fact that c^ al- 

most vanishes in both fittings, leads us to believe that the intro- 

duction of an additional parameter c,  would not reduce these variances 
4 

significantly. 
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APPENDIX D 

OPERATING CHARACTERISTICS FOR VARIOUS SAMPLING PLAIfo 

Acceptance sampling plans and their operating characteristics 

have been under study for some time, A number of treatises explain their 

probability basis in detail.  Therefore, we shall cite here formulas 

only for the various plans outlined in Section 5»2. A distinction is 

always made between sampling plans from a finite population that are 

made either with or without replacement. The former leads to the sim- 

ple, binomial formulas, while the latter requires the substantially more 

correct hypergeometric distribution. For small samples from large lots, 

as in our case, the binomial yields practically the same results as the 

hypergeometric.  For the requisite error formulas, see reference (18). 

We shall use the following notation: 

F =B Probability that a lot be accepted on the basis of some 

acceptance sampling plan, 

p =  Probability that a sar.ole unit fails at the chosen test 

level (fraction defective), 

q = 1 - p s Probability that a sample unit will not fail at the 

chosen test level, 

p = Average fraction defective permissible; the operating level 

of the sampling plan, 

n. = Number of units tested during the i-th stage of a sampling 

plan with k stages (i=l,2,..,,k), 

f .= Cumulative largest number of failures permitting acceptance 
ax 

of lot at the end of the i-th stage, 

f .= Cumulative smallest number of failures forcing rejection 

of the lot at the end of the i-th stage, 

f=f,-l= (necessary) terminal condition of a sampling plan 

with k stages, 

N = Average number of units tested in the long run under some 
a 
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sampling plan, leading to lot acceptance, 

N = Average number of units tested in the long run under some 

sampling plan, leading to lot rejection, 

N = N + N = Average number of units tested in the long run a   r 
under some sampling plan. 

In Section 5*2, three sampling plans from reference (23) were compared 

with the present sampling plan. The evaluation of these four plans is 

based upon'the following formulas: 

1.  SINGLE SAMPLING, NORMAL INSPECTION, po = 0.001 

This plan has one stage, (k ^ 1) with n, - 300, f -. - f . - 1=1 

For average outgoing quality with a fraction p defective, we find: 

Pa = q
300 ♦ 300 p q 299 (75) 

N = 300 q300 + 90,000 p q299 (76) a 

Nr = 300 - 300 q300 - 90,000 p q2"       (77.) 

N = 300 (78) 

These formulas were used to compute the curve shown in Figure (5-2) and 

the entry on page 91 

2. DOUBLE SAMPLING, NORMAL INSPECTION, p = 0.001 

This plan has k = 2 stages.  The individual stages require 

n-, = 200 and r^ = 400 units. The final decision is made at the end 

of the second stage where f^ - f 9 - 1 ^ 2 . Rejection during the 

first stage occurs for f _ = 3 •  But if only two of the first two- 

hundred units misfire, acceptance is only permissible if no additional 

units misfire during the testing of the next four-hundred units. We 
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find: 

P  = q200 + 200 p q
599 . 99,900 p2 q598 (79) 

3. 

N    = 200 q200 + 120,000 p q599 +  59,940,000 p2  q598 (80) 
3. 

N = 200 - 200 q200 + 80,000 p q1" + 7,960,000 p2 q19S 

- 120,000 p q599 - 59,940,000 p2 q598 (81) 

N - 200 + 80,000 p q1" + 7,960,000 p2 q198 ^82^ 

These formulas were used to compute the curve of Figure 5-2 and the 

entry for N on page 910 

3. MULTIPLE SAKPLING, NORMAL INSPECTION, po = 0.001 

This plan has k = 7 stages. Each stage requires n. = 75 

units (i s= 1,2,.«.,7). Rejection may occur during the first stage if 

i  1 =2; acceptance is only permissible after the third stage if f 7=0 , 
r j- a? 

The final decision at the seventh stage is based upon f  = f „ - 1=3 . a f   r / 
The binomial leads to 

Pa « q
225 + 225 P q

374 + 33,750 p2 q448  , (83) 

Na = 225 q
225 + 84,375 p q374 + 15,187,500 p2 q448 + 2,321,156,250 p3 q$2; 

(84) 

Nr = 75 - 5625 p q
74 + 75 q75 + 11,250 p q149 + 75 q150 + 16,875 p q224 

- 225 q225 + 1,265,625 p2 q298 + 16,875 p q2" + 141,750,000 p3 q372 

+ 2,531,250 p2 q373 - 84,375 P q374 + 331,593,750 p3 o447 

- 15,187500 p2 q448 - 2,321,156,250 p3 q522 (85) 
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N = 75 - 5625 p q74 + 75 q75 + 11,250 p q149 + 75 q 150 + 16,875 P q224 

+ 1,265,625 p2 q298 + 16,875 P q2" + 141,750,000 p3 q372 

+ 2,531,250 p2 q373 + 331,593,750 p3 q447 (86) 

These forraulas were used to compute the curve of Figure  5-2 and the entry 

for    N    on page  9l0 

4. PRESENT ACCEPTANCE SAMPLING PLAN 

The present acceptance sampling plan is essentially a double 

sampling plan with n-, = 50, n^ = 100« Acceptance is permissible if 

f 1 = 1, f 2 = 2; rejection is required if f -, = 3, f 2 = 3. We find: 

Pn = q^ + 50 p q^ + 1225 p^ q
X4b , (87) 

a 
^  + 50 p q^

9 + 1225 P
2 q148 

N = 'C c50 + 2500 p q49 + 183,750 p2 q148 (88.) 

N = 50 - 50 q50 + 122,500 p2 q48 - 2300 p q49 - 183,750 p2 q148 (89.) 

N = 50 + 122,500 p2 qUe (90) 

These formulas were used to compute the curve of figure 5-2 and the 

entry on page 91» 

5. MODIFICATION OF SEQUENTIAL SAMPLING PLANS 

The figures computed for the several sampling plans permit a 

minor modification. It is tacitly assumed that all samples are always tested 

completely, even if the number of failures should be excessive. However, 

a lot might be rejected before a sample has been tested completely.  For 

example, the single sampling plan would permit rejection after two fail- 

ures have occurred among the first 200 units. The above computed average 
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of N = 300 would thus become a trifle smaller. Occasionally, rejection 

will take place prior to the testing of 300 units. The probability of 

such an occurrance is very small and the resultant change in the value 

of N is minute. But this fact pertains to sampling plans of this nature 

and warrants inclusion at this point, A general analysis of sampling 

plans falls outside the scope of this report. 
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Table  E-l.     FUNCTIONING TIMES OBSERVED WITH THE 

T18E3  (AAP-50-2)     CARBOH BRIDGE DETONATOR 

= Firing Capacity,  p.f;  V = Firing Voltage 

ü Y_ 
„000217 200 

252 

.0005 

317 

126 

159 

200 

240 

>52 

3.125 
2.750 
3.000 
3.000 
3.000 
3.000 
3.125 
3.125 
3.250 
3.125 
3«250 
3.250 
3.250 

2.750 
3.000 
2.875 
2.875 
3.000 
3.125 
3.125 
3.125 
3.125 
3.375 
2.375 
2.625 
2.625 
2.750 
2.Ö75 
3.000 
3.125 
3.125 
3.250 
2.500 
2.375 
2.500 
2.875 
2.250 
2.750 
2.750 
2.875 

C V 

.0005 252 3-000 
480 2.750 

2.125 
2.250 
2.500 
2.375 

960 3.375 
2.125 
2.500 
2.375 
2.125 

.001 100 
126 

159 

160 

200 
320 

640 

3.375 
2.375 
2.625 
2.625 
2.625 
3.000 
3.000 
3-125 
3.250 
2.625 
2.625 
2.875 
3.000 
3.000 
3.250 
3.375 
3.625 
3.500 
2,750 
3.250 
2.375 
2.750 
3.250 
3.250 
2.875 
2.875 
2.875 
2.875 
3.125 
3,000 

Sanctioning Time,  \isec. 

V 
.001 640 2.625 

2.375 
2.875 

.00197 100 

126 

► 005 

3.375 
3.500 
3.625 
3.625 
3.000 
3.500 
3.625 

63.2 3.375 
3.375 
3.625 
4.125 
5.375 

79.5 3.125 
3.250 
3.375 
3.375 
3.500 
3.875 

100 

120 

240 

480 

11.250 
3.000 
J.125 
3.125 
2.500 
2.750 
2.625 
2.250 
2.2S0 
2.625 
2.375 
2.375 
2.500 

10.000 
3.125 
2.625 
2.250 
2.250 
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Table E-l.     FUNCTIONING TIMES OBSERVED WITH THE 

T18E3  (ÄAP-50-2)   CARBON  BRIDGE DETONATOR (Cont.) 

C  = Firing Capacity,  |if j  V = Firing Voltage,        t = Functioning Time,p.sec< 

 C_ V__      t^ 

.005      480 2.375 
960 2.625 

3.000 
2.625 
2.750 

.01 39.9      6.875 
9.750 

50.2      4.500 
5.250 

14.500 
63.2      2.875 

3.500 
79.5      2.625 

2.875 
3.125 

79.5     3.375 
3.875 

100 3.375 
160 3.375 

3.375 
2.125 
2.875 

320 3.125 
2.500 
2.375 
2.625 
2.750 

640 3.125 
3.000 
3.000 
2,625 
2.750 

.0196      31.7    11.000 
39.9      3.125 

4.750 
5.000 
5.250 
5.250 
6.000 

17.500 
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C            V t C          V 
.05    240 

t 

0196      39.9 18.375 2.875 
22.625 2.750 

50,2 4.250 2.625 
4.875 480 2.750 
4.875 2.875 
6.250 3.250 
8.625 2.375 

63.2 

9.500 
15.875 
26.000 

3.250 
30.625 
30.875 

.1           20 
25.2 

24.375 
10.125 
25.625 
46.250 
54.375 
86.875 

05          25.2 3.750 31.7 15.875 
4.625 40 6.375 
5.000 7.000 
5.750 12.250 
8.625 6.750 

17.250 55.875 
18.125 60 3.625 

31.7 5.875 2.750 
9*000 3.875 

12.875 80 3,125 
17.875 3.375 
19*000 2.750 
32,250 2.500 
43.87c 2.750 

39.9 7.000 160 3.375 
8.87? 3.125 
9.125 2.375 

29.125 3.375 
34.875 2.250 
37.375 320 3.000 

120 3.500 2.750 
2.875 2.875 
3.250 2.625 
2.875 2.750 
2.500 .215      25.2 9.375 

240 2.750 22.875 
2.500 27.250 
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